Chapter 4

Real-valued functions

1 Generalities on functions

Definition 1.1 Any application from D to R is called a real function.If D C R, we

say that f is a real function of a real variable,.

Df—>R

zr— f(z) =y
Dy is called the domain of definition of . f, and f(D;) ={y € R,3x € Dy; f(z) =y}

We write; f:

1.1 Operations on Functions

Let f and g two real funtions; D — R
l.f=g& f(z)=g(x) Ve € D
2. f<ge flr)<g(x) Vee D
If D;nND,# & then
f+g)(x)=f(x)+g(x) VreD
9)(2) = f(2).9(x)  VeeD

()=f§g Ve e DyN Dy and g(z) #0
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1. Generalities on functions

6.Let f : Df - Rand g : D, — R with f(D;) C D,. We define the composite
function (go f) in Dy : (go f)(x) =g (f (z))
Example g(z) = cosz, f(z) = % = (gof)(x)=g (i) = cos (1)

X

1.2 Properties of functions :
Even and odd functions

A set D C R is said to be symmetric with respect to the origin if for all =z € D =
—xeD

Definition 1.2 A function f defined on the symmetric set D is said to be
i)Fven if Vee D, f(x)=f(-x)
i1) Odd if VeeD, f(—z)==—f(x)

Examples : i) f(z) =2% f(x)=cosz; f(x)= |z

i) f(z)=2% f(z)=sing;
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2? is even 22 is odd
When f is even, the graph of the function f is symmetric with respect to the y-axis.
If f is odd, the graph of f is symmetric with respect to the origin.

Periodic function

Let f: D — R is said periodic if 3 a € R such that
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1. Generalities on functions

i)r+aeD
i) f(z+a)=f(x) VeeD
It is obvious that  f(x + ka) = f(z) Vk e N*

Definition 1.3 We call the period of f the smallest positive number T' such that
flx+T)=f(z) Yxe D

Example : f () =sinz; f(z) =cosz; f(r)=tanz
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Monotonic Function

Let f: D — R, be a real function

a) f is increasing on D .if Vai,x9 € D 1y < 29 = f (1) < f(22)
b) Strictly increasing si Vay, o € D, 11 < x5 = f(x1) < f (22)

c) f is decreasing if Vi, 20 € D, 2y < 9 = f(11) > f(22)

d) Strictly decreasing Va1, 2o € D,x1 < 20 = f (21) > f(x2)

Example :
> The exp : R — R and In:]0,+oo[ — R are Strictly increasing.
> |z] : R — R not increasing and not decreasing. On other hand , the function

|z| : [0, 400 — R is strictly increasing..



1. Generalities on functions

Bounded Functions

The function f is called :

I) If there exists M € R such that : f () < M,Vz € Dy, then the function f is said
to be bounded above by M.

IT) If there exists m € R such that : f () > m,Va € Dy , then the function f is said
to be bounded below by m

Im, M e R:m < f(z) < M,Vx € D or

III) f is bouned on Dy if
dee Ry | f(z)| <,V e D

born ’

__________________________________

5.png
We will call, if it exists, the upper bound (respectively lower bound) of the function

f on the domain Dy

f:0,1] =R
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Example 1.1 > The function
T x° =3

is bounded on [0, 1]
with -3 < f(z) < -2

sthe function cosx is bounded on R because , we have Vxr € R : |cosz| < 1

Remark 1.1 as we saw n chapter 1, it is possible to write

Ve e D: <M
M =supf & re f@) <
D Ve>0,dz€D: f(x)>M—¢

Injective, surjective, and bijective functions

Let f: D — R be a real function
e f is injective if the only if ~ Vz,2' € D; f(x)=f(2') =z =2
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2. Limits

o f is surjective if, Yy € R,3x € D such that f (z) =y

e f is bijective if f is injective and surjective

2 Limits

The essence of the concept of limit for real-valued functions of a real variable is this :
If L is a real number, then lim f(x) = L means that the value f (x) can be made as
T—T0

close to L as we wish by taking x sufficiently close to xg. This is made precise in the

following definition.

Definition 2.1 We say that f (x) approaches the limit L as x approaches o, and
write lim f(z) = L

P
if f is defined on some deleted neighborhood of xy and, for every € > 0, thereis § > 0
such that |f(x) — L| <e¢, if |[x —xo| <6
So

lim f(z) =L < Ve>0,30 >0,V € Dy : |z —xo| <d=|f(x) - L| <e

T—T0

A function can have a limit when z tends to xg without it being defined at this point.

Example 2.1 For the function f defined by f(x) = 2x + 3,we have linif(a:) = 5.
Indeed, noting that for any r € R :

If(x)=1l|=2c+3—-5|=2]z—1|<e¢
it suffices then to take ¢ = g to have Ve > 0,|v —1] <6 = % =2r—-1<e=
[f () =5 <e
Example 2.2 >For the function f defined by f(x) = 23, we have lin(l)f(:zs) = 0. In-
deed, noting that for any x € R: |f (z) — 1] = |23 < e.
it suffices then to take 0 = ¥/ to have Ve > 0,|x —0| < § = |z| < Ve =
[f () =l <e

Example 2.3 >Show that lim ro_ <
e ) 3




2. Limits

by definition : mh_}1_121fx = %2 & Ve > 0,30 > 0,Ve € Dy @z 42| < 6 =
x 2
‘1—$+§ <e€
x 2 T+ 2 T +2
We have E+§|: 30— 1) :3||1—;1|;|
let’s choose a neighborhood of 79 = —2;|z+ 2| < 1l...(x) & -1 <z+2<1
:—3<x<—1@1<—x<3¢2<1—x<4@i<ﬁ<
1 1 1

2 =4 "2

|z 4 2| _ lz+2|  |r+2|
3|1 — x| 32 6
for (%) and (xx) , we take 0 = min (1, 6¢)

S0 < e then , we obtain |z + 2| < 6e...(xx)

Theorem 2.1 If lim f(x) exists; then it is unique I that is; if lim f(x) = Ly and
T—xT0 T—xo
lim f(JZ’) = LQ then Ll = LQ

T—x0

Theorem 2.2 Let f :D — R be a real function; Therefore, we have the equivalence
of the following propositions
A i) lim f(x) =1.
T—xQ

AA i) For all sequence (xy), . on D which converge to xo ( =, # xo) then the

sequence f (x,) converge to f (xg) on f (D)

1
Example 2.4 f :R* - R such that f(x) = sin —
x

we show that f not admit the limit for x — 0

Let a sequence u,, = . itis clair that lim w, =0 and Vn € N;u, # 0

Tt D ==
1 1 if n is even
Up) =sinmT [n+ =) =(-1)" = )
f (ttn) < 2) (=1) {—lifnosodd
Then hI}_l f (u,) = +1so f(u,) is a divergente sequence , therefore f not admit a
limit at zg

Definition 2.2 Given a function f: D — R. We say that f ,has a right-hand limit
at the point xq if and only if :lim f(z) =1 < Ve > 0,30, >0,V € D: 0 < x— 19 <
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2. Limits

de = |f(x) =1 <e.

Definition 2.3 We say that f ,has a left-hand limit at the point xq if and only
if Jlim f(x) =1 Ve>0,30. >0,V e D:0<xg—x <. = |f(z) -] <e.
<

=20

Notation : We note that 0 < x —xy < §. & = € |xg,z0 + . [and 0 < zp—z < J. &

T € |xg — s, o -

Theorem 2.3 We have the following equivalence :lim f(z) =1 < lim f(x) =1 =

T—x0

5o
11<m f(x)
T—>T0
Consequence : if lim f(z) # lim f(x) then lim f(z) does not exist
5o xixo T—=To
r(x+1) .
. ' 1z (z + 1) 1 if x € |—o00, —1[U [0, +o¢
Example 2.5 we consider the function f (r) = ————= = T+
r+1 z(r+1)
——— ifx e ]-1,0]
r+1
lim f(z) = limz = —1
> >
,we have § *71 r=l = lim f(x) # lim f(z) then lim f(x) does
lim f(z) = lim —z=1 221 2 St z—-1
rS-1 eS—1

not exist

2.1 Infinite limits
Definition 2.4 Let f be a function defined on a domain D C R. We say that f tends

to 400 (resp — o0) as x tends to xq if and only if : :

lim f(z) =400 & VA >0,30 >0,V e D:|x —ap| <d= f(x) > A

T—x0

respectively

lim f(z) = —0c0 & VA >0,30 >0,Vr € D: |x —x0| <= f(z) < —A.

T—x0



2. Limits

Example 2.6 Using the definition of the limit, show that : limInx = —oco
>
z—0

By definition, we have limlnx = —oco& VA > 0,376 > 0,V > 0 : |z| < 0 =
>

x—0

nz<—-A
Inz < —A& x<e? soforany A >0, we can choose § = e~ to ensure that
the inequality |r| < 0 = Inz < —A

2.2 Finite limits of functions as = tends to +oo
Definition 2.5 Let f be a function defined on a domain D C R. We say that f tends
to L as x tends to +oo if and only if : :

lim f(z)=L&Ve>0,3A>0,Vee D x> A= |f(r)—L|<e¢

r—-400

respectively

lim f(z)=1l&Ve>0,3B>0VeeD:z<—-B=|f(z)-I<e

r——00

2.3 Infinite limits of functions as = tens to +oo
Definition 2.6 Let f be a function defined on an interval of type [a,+oo] C Dy.
o We say that f tends to +oo as x tends to +oo iff :

lim f(z) =400 VA>0,3B>0,VreD:x2>B= f(z)> A

r—+—00

o We say f tends to +00 as x tend to —oo iff :

lim f(z)=—-00 & VA>0,3B>0,VreD:x>B= f(zx)<-A

T—+—00

Definition 2.7 Let f be a function defined on an interval of type |—oo,a] C Dy.

o f tends to +00 as x tends to —oco iff :

lim f(z) =400 ©VA>0,3B>0,VeeD:x<-B= f(z)> A

r——00



2. Limits

o f tends to —oo as x tends to —oo iff :

lim f(z)=—-00<VA>0,3B>0,VreD:2<-B= f(zr)<—-A

2.4 Algebraic operations on limits and some properties

Let f and g be two functions definied,on the sameset D C R such that lim f(x) =1

and lim g(x) =1 o
thenxv_v)gohave :
olim (7 % )(a) =1+ ol [()| =
'33;12( f.9)(@) = LI .zhj%(x f+ pg)(@) = N +
o lim f"(x) = 1" o lim i(:c) =L UI'#0
T—xT0 33—>l’()g

Theorem 2.4 d’encadrement : Let f, g, h be three functions verify f (z) < g (z) <
h (x) in the neighborhood of
If lim f(z) = lim A(x) =1 then lim g(x) =1
T—T0

T—x0 T—xT0

Proposition 2.1 1e Let f g be two functions verify f (x) < g(x) in the neighbo-

rhood of xq
lim f(z) = 400 then lim g(x) = +oo
If T—TQ T—T0
lim g(z) = —oo then lim f(z) = —o0
T—T0 TrT—T0

28 Let f be a function bounded in the neighborhood of o and g a function verify
lim g(x) = 0 then lim f (x)g(x) = 0.
T—T0

T—x0

Definition 2.8 Important : Let f :D — R be a function of real variable. We

say that f is defined in the neighborhood of xq iff : there exists an interval I =
|wo — &, 0 + €[ such that I C D

2.5 Comparisons of functions in the neighborhood of point
(near a point) :

Let fand g :D — R, and let xqg € D



