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       Chapter I: 

Mathematical Reminders About Complex Numbers 

 

I.1 Introduction:  

Complex numbers are a kind of two-dimensional vectors whose components are the so-called 
real part and imaginary part. Complex numbers are useful in physics, as well as in the mathematics, 
because they open a new dimension that allows us to arrive at the results much faster. Using 
complex numbers allows sometimes to obtain analytical results that are impossible to obtain in 
other way, such as exact values of some definite integrals. 

I.2 Form of Complex numbers: 

 Complex numbers can be introduced in the component form 
𝐳 = 𝒖 + 𝒊𝒗,  Where u ∈ Reals,v ∈ Reals and multiplication of complex numbers is defined by 

imposing the property   𝒊𝟐 = −𝟏 

Where u and v are real numbers, the real and imaginary parts (components) of z. That is,  
𝐮 = 𝑹𝒆[𝒛] , v=Im [𝒛] 
To keep components of z apart, a special new number i is introduced, the so-called imaginary one. 
The modulus or absolute value of a complex number is defined by 

|𝐳| = ඥ𝒖𝟐 + 𝒗𝟐 

 Complex conjugate z* of a complex number z = 𝑢 + 𝑖𝑣 is defined by: 

𝐳 = 𝒖 − 𝒊𝒗 

I.3 Addition and subtraction of complex numbers: 

Addition and subtraction of complex numbers are defined component-by-component 

𝐳𝟏± 𝐳𝟐 = 𝒖𝟏 ± 𝒖𝟐 + 𝒊(𝒗𝟏  ± 𝒗𝟐 ),   

So that the commutation and association properties are fulfilled, 

𝐳𝟏+ 𝐳𝟐 = 𝒛𝟐 + 𝒛𝟏       

(𝐳𝟏+ 𝐳𝟐) + 𝒛𝟑 = 𝒛𝟐 + (𝒛𝟏 + 𝒛𝟑) 

I.4 Product of a complex number : 

𝐳𝟏 𝐳𝟐 = (𝒖𝟏 + 𝒊𝒗𝟏)(𝒖𝟐 + 𝒊𝒗𝟐) =     𝒖𝟏𝒖𝟐 − 𝒗𝟏𝒗𝟐 +  𝒊(𝒖𝟏𝒗𝟐  +   𝒖𝟐𝒗𝟏)  

𝑹𝒆[ 𝐳𝟏 𝐳𝟐] = 𝒖𝟏𝒖𝟐 − 𝒗𝟏𝒗𝟐  , Im [ 𝐳𝟏 𝐳𝟐]=𝒖𝟏𝒗𝟐  +   𝒖𝟐𝒗𝟏 

Product of a complex number and its complex conjugate is real 
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𝐳 𝐳∗ =  (𝒖 + 𝒊𝒗)(𝒖 − 𝒊𝒗) = 𝒖𝟐 − 𝒊𝟐𝒗𝟐 =  𝒖𝟐 + 𝒗𝟐 = [𝐳]𝟐 

I.5 Division of complex numbers : 

Division of complex numbers can be introduced via their multiplication and division of reals by 
eliminating complexity in the denominator  

𝐳𝟏 

𝐳𝟐
=  

𝐳𝟏 𝐳𝟐
∗

𝐳𝟐 𝐳𝟐
∗ =

𝐳𝟏 𝐳𝟐
∗

[𝐳]𝟐
=

𝒖𝟏𝒖𝟐 + 𝒗𝟏𝒗𝟐 + 𝒊(𝒗𝟏𝒖𝟐 − 𝒖𝟏𝒗𝟐)

 𝒖𝟐 + 𝒗𝟐
 

I.6 Trigonometric / Exponential form : 

Similarly to 2 d vectors, complex numbers can be represented by their modulus (length) ρ and 
angle (phase) Ф as: 

𝐳 = 𝝆(𝑪𝒐𝒔[∅] + 𝒊 𝑺𝒊𝒏[∅]) ; 𝛒 = [𝒛]  . Cos [∅] =
𝒂

|𝒛|
 ;  Sin [∅] =

𝒃

|𝒛|
 

This formula can be brought into a more compact and elegant shape 

𝐳 = 𝝆𝒆𝒊∅  ;   𝒆𝒊∅ = 𝑪𝒐𝒔[∅] + 𝒊 𝑺𝒊𝒏[∅] 

This formula can be proven by expanding the three functions in power series, using i2 = −1 and 
grouping real and imaginary terms on the left. The exponential representation makes multiplication 
and division of complex numbers very easy 

 

𝐳𝟏𝐳𝟐 = 𝝆𝟏𝒆𝒊∅𝟏𝝆𝟐𝒆𝒊∅𝟐 = 𝝆𝟏 𝝆𝟐 𝒆𝒊(∅𝟏ା∅𝟐)  

In particular, 𝐑𝐞[𝐳𝟏𝐳𝟐] = 𝝆𝟏 𝝆𝟐𝑪𝒐𝒔[(∅𝟏 + ∅𝟐]  ; 𝐈𝐦[𝐳𝟏𝐳𝟐] = 𝝆𝟏 𝝆𝟐𝑺𝒊𝒏[(∅𝟏 + ∅𝟐]   

That is much easier than the component formula above. Similarly 

𝐳𝟏 

𝐳𝟐
=

𝛒𝟏 

𝛒𝟐
𝒆𝒊(∅𝟏ି∅𝟐)  

Squaring a complex number z yields 

𝒛𝟐 = 𝝆𝟐(𝑪𝒐𝒔[∅] + 𝒊 𝑺𝒊𝒏[∅])𝟐  = 𝝆𝟐(𝑪𝒐𝒔[∅]𝟐 −  𝑺𝒊𝒏[∅]𝟐 + 𝟐 𝒊 𝑪𝒐𝒔[∅] 𝑺𝒊𝒏[∅]) 

𝒛𝟐 =  𝝆𝟐𝒆𝟐𝒊∅ =  𝝆𝟐( 𝑪𝒐𝒔[𝟐∅] + 𝒊 𝑺𝒊𝒏[𝟐∅]) 

Equating the real and imaginary parts of these two formulas, one obtains the trigonometric identities 

𝑪𝒐𝒔[𝟐∅] = 𝑪𝒐𝒔[∅]𝟐+ 𝑺𝒊𝒏[∅]𝟐  ;   𝑺𝒊𝒏[𝟐∅] = 𝟐𝑺𝒊𝒏[∅]𝑪𝒐𝒔[∅]   

One can derive formulas for Sin and Cos of any multiple arguments with this method. 

 

I.7 Geothermal representation of complex numbers : 
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In this representation, the x-axis is called the real axis and the y-axis 

is called the imaginary axis. The coordinate plane itself is called the 
complex plane or z-plane. By way of illustration , several complex 
numbers have been shown below in fig. 

 
 

The figure representing one or more complex numbers on the complex plane is 
called an argand diagram. Points on the x-axis represent real numbers whereas 
the points on the y-axis represent imaginary numbers. x and y are the 
coordinates of a point. It represents the complex number x + iy . The real 

number √(a2 + b2) is called the modulus of the complex number  a + ib. 

 

In the right-angled triangle OMA, we have, by Pythagoras theorem. 

 

The polar form of a Complex number consider adjoining 
representing the complex number z = x + i 

 

 
 
 
From the diagram, we see that x = r. cosθ and y = r sinθ where r = |z| and θ is called arguments of z. 
I.8 Moivre formula : 

 
 
 
 
 
 
 
 
 
 
 
 

I.9 Euler's formula : 


