Solution
Exercise 1

a) we will show by induction that P (n);Vn € N,(1+a)" >
1+ na
for n =0, we have (1+a)=12> 1+ 0a = 1,50 P (0) is true
assume that P (n) is true and show that P (n + 1) is true , we
show that (1 +a)"™ > 14+ (n+1)«
since 1+ > O then (14 a)"™ = (14+a)(1+a)" > (1+a) (1 +na) =
l+a+na+n?a>1+n+1)a / (nPa>0)
therefore P (n + 1) is true , hence

VneN,(1+a)">1+na

e If we put o = 1 we obtain the following inequality Vn € N, 2™ >
n (I+1D)">14+n>n
b) Let (a,b) € Q* x Q* such that vab ¢ Q’

Suppose that /a + 3vb € Q. So 3(p,q) € Z x Z* such that
Va+3vb = g

) 2
Then, (\/a + 3\/1_)> = (g) which impplies that a + 9b +
6v/ab = L,
2
p
L a—9b

so  Vab = R Q which contradicts the fact that
6
Vab ¢ Q. then \/a+3vVb ¢ Q

Exercise 2: integer part
E (x) %/ is the greatest integer less than or equal to z : Vz € R
Ex)<z<FE(@)+lorz—1<E(z)<x

1) 2=079= E(0.79) =0, E(1.08) = 1, E (&) = 3, E(¢) = 2
2) Show that: Vx € Z, E(z)+ E(—z) =0

eifrecZ: E(x)=zand E(—z)=—xso E(x)+ E(—z) =

=0
eifr € R/Z then E(x) <z <FE(x)+1=—-FE(x)-1<z<
—F(x) =
—F(r)-1<s<-FE(x)-1+1, KecZ then —FE(z)—11is
T ———

K
the integer part of —x



r+1

2) V € R , we show that E(g) +EETY = Ba)
E(z) iseven= E(z) =2k
we distinguish 2 casesx € R = or

E(z) isodd = E(z) =2k +1
15 case @ F(x)=2k= F(x)<z<FE(x)+1= 2k<z<

2k 4+ 1, we divide by 2

2% +1
k§§< ;:>k§§ k4 Y < k41 from where

£(5) -

and F(x)+1 <z+1< E(x)+2 =

S
p—

[\)

E(x)+1 < r+1

2 = 2
E(x)+2

% (E (z) = 2k) then

k1 a1l  2%k+2
< <
1 241 S ’
Whichgivek<k+§§xT<k+1
1 1
then E(X22) = & d’ouE(g)nLE(x;r )= k4 k =2k = E(x)

2" case oF (x) =2k + 1 in the same way
Exercise3
le we prove the second triangle inequality

Vi,y € R, lz] — |yl < |z +y]
let

2] =z +y) + (=9 < |z +yl+ |-yl = [z +y[ + [yl
we have

2]~ [y] < |+l o (1)
in the same way

yl =1y +z)+ (—2)] < |z +yl+[-2| = [z +y| + |2]

then
Yl =zl < le+yl = —(z[=ly) < le+yl = o[ =lyl =
—lz+y|.... (2).
From (1) and (2), we have — [z +y| < |z| — |y| < |z + ¢
which implies |z = |y|| < |z + vyl
in the same way, we can show that l|lz| = |y|| < |z —y]

2 Vx,y € R,we have 2z = [(z4+y)+(x—y)| = 2|z] <
[z +y| + [z —y



2yl = |z +y)+ (y —2)| = 2[y| <
[z +yl+ly—=

then
lz| + |y < |z+y|+ |y — x|, for all z,y € R

3.Prove that V(z,y) e R?: 1+|zy — 1| < (1 + |z — 1)) (1 + |y — 1))
Let z,y e R: 14+ |z—-1)1+y—1) =1+ |z -1+ |ly— 1|+
[(z =1) (y — 1)

and 1+ |z —1|+ly—1+|(z-1)(y-1)] >1+|z+y—2|+
2y — 2 —y + 1

>

l+lz+y—2+4+ay—z—y+1|>1+|zy — 1
thenV (z,y) e R*: 1+ oy — 1 < 1+ |z —1) (1 +|y—1|)

Exercise 5
It holds that inf (A) < z for all x € A and therefore, —inf(A) > —z
for all x € A,

which is equivalent to —inf (A) > y for all y € —A.

Therefore, — inf(A) is an upper bound of the set — A and therefore
sup(—A) < —iinf(A).

Now,y < sup(—A) for ally € —A, or equivalently —x < sup(—A)
for all z € A.

Hence,z > sup(—A) for all x € A. This proves that —sup(—A)
is a lower bound of A and therefore —sup(—A) < inf(A), or
sup(—A) > —inf(A).

This proves that sup(—A) = —inf(A).

Exercise 6:

eA={reR:|2s+1 <5} ={reR:-5<2x+1<5} =
{x eER: -5 <z< é}

2 T T2
={reR:-3<z<2}=[-32]

A is bounded with sup A = max A = 2 and inf A = min A = —3.
eB={reRe"<i}l={reRarz<hi}l={zeRr<-h2}=
|—o00, —In 2|

B is bounded above such that sup B = —In 2, on the other hand
B is not bounded below

so #inf B,then B is not bounded.

wo-{5(L)mer)

si n=1,E(l)=1€C=C# @ =D is bounded



then dsup C,dinf C such that Vee C; infC <c<supC

1 1
Wehaveifn>1then0<ﬁ<1and E(E):OSOC:{O,l}é
supC =maxC =1and infC =minC =0

Exercise7
n—2
A= : N*
A is note empty : for nzO,n_T_l =-2cA
-2
we have Vn € N; o =1- .
n—+1 n+1

3 3
Vn € N, n—|—1>1:>0<—1<3:> 1>1——1>—2.

Then A is bounded below gy+—2 and bounded aboge+by 1 then
A is bounded

= Jsup A.inf A such that Vz,, € A;inf A < x,, < sup A.

The set of upper bound of A is [1,+o00| and the set of lower
bound of A is |—o0, —2]

since —2 € A then —2 =min A = inf A

1 ¢ A, then Amax A, show that sup A=1 ,

using characterization of the Supremum

Ve, € Az, <1 _
supAd =1 { Ve > 0,3dx,, € A such that z,, >1—¢ M =
1
SO 5
Tn, € A = Ing € N* such that z,, =1 — ey
o
which implies Ve > 0, dng € N* such that 1— 1 >1l—c=
no
3 <e€
n0—|—1

Ve >0,(ng+1)e >3
According to Archimedean property : dng € N* such that ng >

3 1,just take: ng = F <§ — 1) + 1,
€ €
2) Let B={z*+1;2€]1,2[}

wehaver € ]1,2] = 1 <2 <2 =1 < 2% < 4 (2? increasing function)
1+1 < 2?41 <4+1thatstosay Vye B,y=2>+1,2<y <5



then the set B is bounded below by 2 and bounded above by 5
hence B is bounded.

indeed there exist inf B and sup B such that Vy € B;inf B <
y <sup B

on the other hand 5 = 22 + 1 € B, therefore sup B = max B =
5,let us show that inf B = 2.

We use the characterization of infimum

. B Vye B,2<y
me_2(:){ Ve > 0,3y € B such that 2 +¢ >y,

inf B=2& Ve > 0,319 € |]1,2] such that 2+¢ > 23+ 1 =
1+e> a3

which give lzo] < V14+ee —V1I+e<z<y1l+te

so, we search for the existence of zo € ]1,2]N]—v/1 +¢,V/1 +¢[ ,as
e >0theny1+e>1

hence, we distinguish two cases

off V1+4+e<2

in this case we take x( € ]1, v1+ 5[

oIf/1+e>2

in this case we take any value of z¢y € |1, 2]

then Ve > 0,3x¢ € |1,2] such that 2+ ¢ > 22 + 1 hence inf B =
2, and 2¢ B then #min B

,m =2




