Solution

Exercise 1

oTo put a quotient in algebraic form, you must multiply the numerator and the
denominator by the conjugate quantity denominator

The conjugate of 1 —iv/3 is 1 + iv/3 then

2 _ 2048 20+iVB) |1 V3
1—iv3  (1-4V3) (1+iV3) 1+3 27"

i—4  4—1  (4—1)(3+2i)

—3+2  3-2i (3—2i)(3+2i)

_12+42+i(8-3) 14 .5

- 13 T 1313
e 23 = (1 —1i)° using the binomial formula =

2= (1—1i)° =1—3i+3i2 — i =[ —2 — 2i]

Ozlz

.Zz:

Qexp(z%) ) ) .
e 2= W = 2exp (z%) X exp (—z%) = 2exp (z (% — %))
3 1
=2exp (—if) =2cos (—F) + 2isin (—F) = 2‘/7_ —25i = V3—i
e 25, the module 2 and argument %
= 25 = 2exp (z%)z 14+iv3
Let’s calculate the module and argument of :
V6 —iv2 ,
v=———7#— and w=1—1.
2
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cosf = — T
21 =0 =argv=—— + 2k7
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sinf = —=
2
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ouzl—izﬂ(%—i%):>|u|=\/§andargu=—%+2k7r
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arg © = argv — ar u=—f+z=1+2k7r
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Exercise 3



We look the complex numbers Z such that

g2 V3+i_ V3 Ll
2 2 2
we put Z = + iy < (z +iy)’ = \/73 +i%,
is{ equivalent to the system
22—y = \/75 .......... (1)
2xy = % .............................. (2) zy > 0 < z,y have the same sign

V2 3 2—-V3
of (1)+(3) and (3)— (1), we find that = :I:+\/_ and y= iT\/_
g _ V2143 L V2 -3
1 =
since z and y have the same sign, we obtain 2 2
V2443 V23
Z2 = — 5 —1 B
1 ex ia
On the other hind 72 = \/73 + 25 exponenyjal form
Z% = (rexp (i6))® = r2 exp (i20) = exp (z%)
. . . . T.2 = 1 r = 1
by identification, we obtain 20 — % N km k=01, . RAN % Y hm k=01,

for @ k = 0;

70— ex (Zi) trigonometric form cos <£) 1 jsin (l)
0= BP9 - 12 12

137 (13w .. (13w
o k=1, Zl—exp<z§>—005 <E>+zbm<12>

- s (T in (2~ ,
since cos <12) > 0 and sin (12) >0, so

V2443
iy V2+V3 V23 (15) =5
o (i (35) = L B E_i e

3
o let Z3 = —8i = |—-8i| = 8 = 23 and arg (—8i) = 7” + 2km, k € 7 then:

|Z3| =23 |Z] =2
Z3=—8i=>{ {

arg(Zg)z%T—F?kW,kEZ 3arg(Z)=3§+2k7r,k€Z

1Z] =2
& 2k
arg (7) =g+Tﬂ,k€ {0,1,2}



so the cubic roots c7)Tf Z are :

k=0= Zy=2 2 =2i

A(T(' 2 ) (7%) \/_
ol =+ i — 1
k=1=71=2e 2 3) =92 \6/_ <__3_i_):_\/§_7;

) )
k=2=Zy=2 \2 3/) -2\ 6 /)3

Exercise 4:

1) Consider the algebraic equation :Z%2 + Z + 1 =0......E;

we calculate the discriminant A =1 — 4 = —3 = 342
—1+iV3
] = ————
the solutions of equuation are g = 1 —2z V3
N
2eLet the equation Z2 + Z + 1 Zl =0
1 3
we calculate the discriminant A =1 —4 1 ZZ> =31

A € C ,we serch the square roots of A

let w? = A Withwza—l—iﬂ(:)(oz—l—iﬂ)Q:Si

o — % =0...... (1)

20 = 3o (2) zy > 0 < z,y have the same sign

o+ 4% =1/(0° + (3> =3.....(3)
which gives a = 3 = \/g = ? from where
w1 = \/76(1—%@') et wy =-\/76(1+i)

Subseqently the sotulions of equation F4 are

V6 .
B N B[ BRL:
1= \/% - 4 +ZT
1 — 2 = 4 _ZT
3) (1420 2% — (94 3) Z+ 10— 5i = Orrevrrrorn. E

A=(9+43i)* =4 (1+2i) (10 — 5i) = —8 — 6i
we put w? = A such that w =a + i (oz+z'ﬁ)2 = —8 — 61,
by identification, we obtain the following algebraic system
a?— 3% =—8.......... (1)
20 = —6.eeviiiiiiiiiiiiee e (2) zy <0< x,y different sign

a2 4 2 = 1/(8)” + (6)* = 10..... (3)



we find that
wi=1—-31and wy = -1+ 31

—b+ w;
Zl = =2—1
Then the solutions of the equation Fs are b gaw
Zy = — L—1-2
a

4) 74 —302% + 289 =0.......... By

~ ~2 ~
we put Z = Z? the equation E3 becomes Z — 30Z + 289 =0.....E}

the discriminant A = (—30)° — 4 (289) = —256 = (161)°,
~ 304 16i

Z1=——=15+8;
then the solutions of the equation F5 are N 30 2 16
Zo = 2 = 15— 83
a

we search Z; shch that ZNl —Z2 = 72 =15+8i=16—1+8i = (4+1)°

S Zin=4+1
which gives { Zio——4—i

the same for Z~2 =72=72=15-8 =16—1—8i = (4 —i)® which gives
Zg,l =4—q
Zoy = —4+i

Therefore the solutions of equation Fs are {4 +1i,—4 —i,4 —i,—4 4 i}.

Exercise 5

Let the algebraic equation Z2 —iZ +1—i=0
ad+1=0

at1=0 , which

1oPosonSZ:aER®a3+1—z’(a+1)=0<:>{
give a=-1

2e We divide Z—iZ+1—iby (z + 1), then Z3—iZ+1—i = (Z + 1) (aZ? + bZ + ¢);
a,b,ceC

which implies Z3 —iZ+1—i = (Z + 1) (aZ*> 4+ bZ + ¢) = aZ*+(a + b) Z*>+
b+c)Z+c

by identification we obtain

a=1

+b=0 a=1
. . b=—1 ,s0Z%iZ+1—i=(Z+1) (22— Z+1—1)
b+c=—i .

c—1—i c=1—-1%

s0 2> —iZ+1—i=(Z+1)(2*°-Z+1—-i)=0=2>-Z+1—-i=0
we calculate the discriminant A =1—-4(1—4) = -3+4i=1+4i—4 =
(1 + 26)°

1+ (1+ 2i) .
- T =141
the roots of this polynomial are: 1— %1 + 20) B
. - _



Then the solutions of the equation E are —1, 1414, —i

Exercise 6

The trigonometric form of (1 +4)" , Vn € N

vt 1si= 3 () =B () =3 (s (5) 450 (7))

Then (1+4)" = V2" exp (Zn4_7r> =2" (cos (%) + i sin (%)) according
to the formula of moivre n
Therefore (1 +i)" = (2)2 exp (z%)

20 (1—4)" = (T+1)" = (
Q+i)"+(1—)" = (2)2 (exp (z—) + exp (—z—)) =(2)2 (2 cos (T>>
% n+2

Q+i)"+(1—i)" =(2) 2 (COb (”4—”))

Exercise7

Using the moivre’s formula :

cos (4z) 4 isin (4z) = exp (idz) = (cosz + isinz)*,
We expand the second membre, using the binomial formula :

S0
(cosz + isinz)* = (cosz)*+4 (cosz)” (isinz)+6 (cos z) (i sinz)* +4 (cos z) (isin z)’+ (i sin z)*
= (cosz)* — 6 (cosz)* (sinz)® + (sinz)* +i4 <(cos 2)? (sinz) — (cos z) (sin a:)3>

Finaly, by identifying the real and imaginary parts, we find

cos(4z) = (cosz)* —6(cosz)? (sinz)® + (sinz)?

sin (4z) = 4(cosz)® (sinz) — 4 (cos z) (sinz)?



