Solutions
Exercise 1: using the definition of the limit
1) lim3x +3=6. iff

V5>O 30>0, VeeDy:lz—xo| <0=|f(z)—1I|<e
so, Ve >0, 30>0, VxeR:|z—1|<d=1[3z+3—-6|<¢
then 3z - 3| <e<=3lr -1 <e+== |z -1] < 3.

, 5
So, just take:d = 3

20 -3
2 =-3. iff = Dy |z — —
)xl—%i’)x-l—l 3. iffVve>0, 30>0, Ve e Dy: |z —xo| <6 = |f(x) -] <¢
Ve>0, 36 >0, Vo € R\ {}} i]al <0 — |23 43 <
o obtain 20 =3+ 9z + 3 . 11z <.
w
3r+1 3r+1
We have the neighborhood of()(vo),]O—z—l1 0+ [=]—%l,%l[.
therefore ) . .
1 1 3 3
_Z<x<71:>_1<3$<71:>1<3x+1<1:>§<3$+1<4
1
then m‘<4 (1)
on the other hand, we have |11z| < ¢ = |z| < — 11 - (2)
11 4e
according to (1) and (2) : ‘Bx—fl = 3xl+1‘ ]11x|<411—ﬁ803u3t take 6 = £

3) lin%x%:—i-oo. iff VA >0, 30 >0, Vo € Dy : o — x| <J = f(z) > A

soVA>0, 30 >0, VzeR* : z|<d= 5 > A

1
we have ;1;>A:x2<%$x< % then,justtakedquz.

4) lim 22+ z+1=+o0. iff VA>0, 3B>0, Ve € Dy:ax>B = f(z) > A

Tr— 400
SoVA>0, 3B>0, VteR:2>B=2>+2+1>A wehave 2?2 +2+1 >z > A.
so , just take B = A.

b) We show that
hm cos ( ) does not exist, it is enough to consider the two sequences:

1 1
Up = % and Up = m
we obtain 1 1
- SRS E
but lim cos ;- =1 et lim cos i = —1.
n—-+4oo n—-+oo

So hn% cos ( ) does not exist

Exercise 2:Calculate the limits



1) o li voa 0 LF (indeterminate form)
[ J —S 5 — < .
lm—s—s=9 indeterminate form
We have (22 —a?) = (z —a) (z+a) and (2° — a®) = (z — a) (2? + az + a?) then
r? —a? ) (x —a)(x+a) , (x+a) 2a 2
lim ————~ = lim = = =
s—axd — a3  a—a(zr—a) (@2 +ax+a?)  z-a(z?+axr+a?) 3a®  3a
2_ 2

r‘—a 2
Hence hmﬁ
z—ax® — @ 3a

2)e i 80 —cos(br) _ 0
z—0 T 0
We have cosax — cosbr = —2si ((a +b) *'E) sin ((a —25) :E>

Then

cos (ax) — cos (bx)

3 = lim 5
z—0 X z—0 X z—0 x

(515

sin (a+0b)x sin (a—b)x
PN Chal) VAN () 2
o x—0 2 (CL + b) X x—0 2 (CL — b) x
. 2 2
we know that lim S 1, then we obtain lim cos (az) _2008 (bz) = _2(a +b)
u—0 U z—0 T 2
(a—b) b —a?
2 2 2 _ 2
hence lim & (ax) —2 cos (bx) _ b —a
z—0 T 2
3) e lim 22 (l—cos%) =400 —o LF
r—+00

1
Weset X = — whenz — 400 = X — Ohence lim z (1—(:08 )becomes)l(l Xﬂl‘;(l—cosX)

T r—+00
2
we use the equivalence functions in the neighborhood of Xo =0 cos X ¥ 1— R then
X2 1
3 2 L _ — 1 _ = —
xll){li_loox (1—cosi)= )1( vz (1 —cos X) = )l(lmOXQ ( 5 ) 5
1
h lim 22 (1 - -
ence _1)1110030 ( Cos = ) 5
1
4) o lim E(n(”)> =7
T——+00 X
| 1 |
by definition x—1< E(z) <z, then n(:c)_l <E<n(az))§ n ()
x x x
hence lim ( > (M> < lim M
T——+00 x—>+oo X rx——+oo I
, In (x)
we know that , then we obtain —1 < lim F < 0 hence
r—+0c0 X r——+00 €T



im B (2@

r—+o0 €T
. |l==3] 0
5) elim——— = - LF
Jelm =3 =0
—x+3 siz <3
Wehave|x—3\—{$_3 S 2> 3
-3 - 3 —(x—3
Which give lim [ | = limi = limL =—1
s B 53 L 53 =3
and 5
tim 223 P23y
53 T~ 3 z53% — 3
. |z=3] .. |z—3] ] e
Consequensly lim ——— # lim ——— then the function does not admit a limit
s z33 T — -
at the point x¢ = 3.
—1\?*
6) o lim (w > — 1% FI
z—+oo \ & + 1
1
Let us remember that lim (1+ %)X =lim (1+ X)X =e¢
X—+4o0 X—0
then , we writte | ~— oy at the form (1 + l)X
’ x+1 X7
-1 2 1 —-1\" 1
Let a =1- =1+———  ,then lim v = lim |1+ ——+
x4+ 1 x+1 —(x+1) a—+oo \ x + 1 z—-+oo —(x+1)
2 2
. —(z+1)
we use a change of variable or we put X = ———=  then x = —2X — 1.
we obtaint
r—1\® 1\ “2X-L 1\X172
li = li 1+ = = li 14+ =
oo <w+1> xirfloo< +X) X0 ( +X) ] 8

1 —1
(1+x) = ¢

. xr — 1 r 2
then lim =e
x—+oco \ x + 1

1
7) lim “In{/1+-|=400x0 LF
x—+00 2 T
1
/ 1 1\2 1
lim Eln 1+—1] = lim Eln 1+ - = lim gln 1+ —
z——+00 2 T x—+oo 2 T z—+oo0 4 X

we put X = — as © — 400 = X — 0 we obtain
x

1
: method1: )l(igloﬁln(l—l—X):)l(iglo}lln(l—l—X)% =1llne=1
lim — In (1 + X) = { method 2:we use the equivalence functions In (1+X) ¥ X
X—0

1 1
which give lim —=1In (1 + X) = lim ==X =1



Exercise 3:
We study the continuity of the following functions
5z2 — 2
fl@y=9 2 o T2
cos(z—1), z<1
5% — 2

the function fi (z) =

et fo () = cos (x — 1) is continuous on R so it is continuous on ]—oo, 1].

is continuous on Rso it is continuous sur [1, +o0f.

We study the continuity of function f at point zp = 1 that’s to find lim f (x) z

<

z—1
lim f () = = f (z0) .
51
we have lim f () = lim cos (z — 1) =cos0 =1
xS1 xié
-2

and lim f (z) = lim be _3

z=1 z=1 2 2
But hm f(x) # hm f (z) then the function f does not continuous at z¢g = 1 (f est

51 xS1

discontinuous ) = f is continuous on R/ {1}.
_f oz sm( ) 1f:c7é0
we have 2" sin (1) is continuous on R*and ¢ (0) =0
we seek for the continuity of ¢ (z) at point zg =0
elfn=0= ( )
| sin ifx#£0
9(z) = { 0 ifx=0

hn%) g(x) = hn%) sin (1) this limit does not exist then the function g(z) does not contin-
T—

uous at point zg = 0

olfn#0=
I sm( ) ifx#0
g(x)—{o ifz=0"
and iiz%g(x):al:ii%x"sin(%) —O<xx_7(>)0and |sm( )| <1>

we have lir%g () = g(0) = 0 then the function g(x) is continuous at point 0,as it is
xr—

continuous on R* so g(z) is continuous on R.
Exercise 4:
We find the values of a and S so that the functions f, g, and h are continuous on R
r+1 <1 f(1)=2
.f(x):{3—ax2 z>1 (
continuous at the point xg =1
f (z) is continuous at xq iff
hmf( ) = hmf( )=f(1)=2=limz+1=1lim (3-az® )=2=3-qa
zS1 51 zS1 31
we get |a=1
f (z) is continuous on R for o = 1

;for f to be continuous on R, it must be



ar + f3 z<0
o g(z)= 1 v >0, (0) = 1 ;for g to be continuous on R,it must be
r+1
continuous at the point zg = 0.
g (x) is continuous at zg iff
limg () = limg (z) =g (0) =1=|8=1letVa € R.
50 30
g (x) is continuous on R for | = 1|and Va € R.
vVi+xrx—1
oh(z)={ 5 sixz € [—1,0[U]0, +o0]
a siz=0; h(0) =«
we study the continuity of h(z) at point xg = 0
h (z) is continuous at point zq iff

; h(z) is continuous on [—1, 0[U]0, +o0],

Vitz—1
limh (z) = limh (2) = h(0) = a = im Y22 =1 _ O p
z—0 z—0 z—0 xT 0
hm—«/l—k—x—l_lim(\/1+x—1)(\/l+x+1)_hm lte—1 . T
20 a0 z(VI+z+1) a0z (VItz+1) a0z (VItz+1)
1 1 1
im0(Vitz+l) 2 () =a=la=3

1
As a result, h (x) is continuous on [1, +oo[ for a = B

Exercise 5:
Study of the continuity extension of the following functions:

) f=2
f () does not defined in 0;
In addition limf(z) =1 and limf(z)=-1
30 50
therefore lin%) f () does not exist , then f (z) is not extendable by continuity in 0.
Tr—

2) g ()

1 —cosy/|z|

|z]

g (x) is not defined in 0; In addition
1 — cos /|| y 1 —cos/|z| 14 cos/|z] Y 1 — cos? \/|z]
_—  — |Im . = 11m
|| =0 |z L+cos/|z| =20y, (1+cos \/|x|)
2

— lim sin? y/|z| — lim sin /|| 1 1

v=0 (\/HY (1—|—cos \/H) @0 (\/|_|) ) ‘(1—|—COS \/H) 2

So lin% g (w)zi, then g(z) is extendable by continuity to 0. Its extension function is:
xr—

N 1—cos\/m .
Gy =g@] @ r7

li =li
2y () = iy

if x=0.

NI



(x —1)sinz
3) h(z) = —5—"—
e h(x) does not defined in +1 and in —1,
in addition
(x —1)sinx . (r —1)sinzx ) sinz  sin(1)

limh (z) = lim 2" = _
limh () = lim =5 P2z —1)(x+1) a2 +1) 4

L .. (z—1)sinz
_:L'EH—llh (:E) o :cli>n—11 2.’172 —2
In conclusion, h(z) can be extended by continuity in xo = 1, but is not extendable in

x1 = 1 and its extension is written:
(x —1)sinz

~ if ©#1,
He) =i = 2
— if z=1.
4

Exercise 6:
I-1) we have f(z) =1 +sinz — 2? a definite and continuous function on [0, 7].
In addition , we have
f(0)=1 and f(r)=1-7%2<0.then f(0).f(7)<0
Then, according to the intermediate value theorem: the equation f(x) = 0 admits at
least one solution in [0, 7] .
2) f(z) = 23 — 3z — 3 a definite and continuous function on [2, 3].
In addition , we have f(2)=—-1 and f(3) = 15. then f(2).f(3) <0
Then, according to the intermediate value theorem: the equation f(x) = 0 admits at
least one solution in ]2, 3|

II-Fory>2>0, (Vi—va) =y+z—2/75<y—=z
SO0y —Vr<\Jy—z
By symetric  Vz,y >0, |y — Vx| <]y — =

Let € > 0. Consideration is given to n =% > 0.
forall 2,y >0, |y—z[<n=[\y—Vz|<Vly—z|< n=c

the function of square root is therefore uniformly continuous.



