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2. 1. Scalar quantities and vector quantities &s\eidl p3Ugl 9 dodod! J..p\égj\

Physical quantities are divided into two groups:
- Scalar quantity such as: mass (m), time (t), energy (E), ....
- Vector quantity such as: velocity (¥), force (13 )sen
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2.2. Vectors 4aid)
2.2.1. Definition: <& o

A vector is a line segment AB, having an origin A and an end B. We denote it by Zﬁ,
characterized by:

- Its direction

- Its sense

- Its magnitude noted ||E||
Note: A vector can be designated by a single letter: AB=V.
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2.2.2. Unit vector 34>}l glad

A vector is unitary when its module is equal to unity (1).

If 1 is a unit vector carried by a vector V then:
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We also have ||u]| = 1
2.3. Vector operations

Let 71, 72), 73), be three vectors, a, b and ¢ real numbers
PETIYIN Mlac c:<ba il 455 V?:’ VZ: Vl)usd
2.3.1. The sum (addition) of the vectors ixa¥Y! e

The sum of two vectors I_/';and V; is another vector S, with S = Vf + Vz)
Graphically, we can find the resulting vector S by the parallelogram rule.
S=Vi+V;tn S Algls a V) 51 eladd g sene
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The sum of n vectors: 71), 72, 73), Vn) is a vector S such that: § = 71 + Vi + 73 + Vn)
S=Vi+V+Vs+ -V, cunSglai a T .V, V] glaiing sena

Properties: u<l 3l

* Commutativity (o28): S =V, +V, =V, + V]

* Associativity (s2ead): (VT + 72)) + 73 = 7{ + (_V; + Vg))

* Distributivity (s=J5) @ (a+b). VfZ a. V{Jr b. 7{ and a.(71)+ @ =a. Vf+a. V;

* The sum of a vector V; and its opposite (- Vy) is zero: V; + (—71)) =0
2.3.2. Vectors subtraction xaY) S

The difference of two vectors VI and 72) is a vector D, with D = V; — I_/; = I_/'; + (—Vz))
Graphically, we can find the resulting vector D by the parallelogram rule.
D=V, -V, =V, + (—V))&aDeglad) sV, 5V, cueladil G i
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Note: 7{ - V; * 72) — VI, therefore the difference of the vectors is non-commutative.
S i) ol b JE 5 V) — Ty # W, — Uy Rkadk
2.3.3. Components of a vector &lad il
To determine the components of a vector, it is necessary to choose a reference frame
(coordinate system) which is a set of non-collinear unit vectors called basis. We have three
types of references frame:

3aas o)) dail (e de gama (o2 Ble a5 (lilan) allad) aan ja sl alaa AN (5 )5 el (e g Lk s 5Sa paail
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a- Linear reference frame: (i) alaall M(x)
-» 0. = = >
It is composed of a single axis Ox, provided with a unit vector i 7 e
positively oriented. The coordinate (x) of point M is defined by: Y
X

OM = xi

(x) is also called the component of the vector OM.
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b- a planar (two-dimensional) orthogonal reference frame: ¢ sise)! alzq))

It is composed of two orthogonal axes of the plane, OX and OY,
provided with unit vectors T and J positively oriented.
The position of a point M is characterized by the vector
V=0M.
(OY 5 OX ¢ simsall (ppaalaia () 53 (0o O 5S
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Let x and y be the projections of M onto the OX and OY axes, respectively. So we have:
il e Oy 5 0x crossell e M il Jata y 5 x oS3

V=xi+yf (x)
= Xl y]=
y

x = ||I7||cost9 - - .
— =V = ||V||(cosb.T + sinb.})
y = ||V||sin9 ~

u
1 is the unit vector of the vector V g laill saa il glasi 7

(x,y) is called the components of the vector V or the cartesian coordinates of the point M in
the plane (OXY)

(OXY) w5 siasall L M aaiill 455 )<l i) 5 Vg laidll Gl 5 (x,y) (oo
c- an orthonormal reference in space: sLadll 3 (uilatia dalatia alaa
It is composed of three orthogonal axes, OX, OY and OZ, provided with unit vectors

1,jand K positively oriented. The position of a point M in space is characterized by the
vector V = OM. Let x, y and z be the projections of M onto the axes OX, OY and OZ,
respectively. So we have:
sl sall sV i3 k5 57 Bas sl Axdli 5530 €OZ 5 OY 5 OX cbalaia ) slae 453 e ally 58
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|{x = ”W” cos6 ‘ \\‘\\\
Ly = [0 sino = 03] = 17 s g
R o |
l zZ= ||V||cos<p P4 < : y
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Ifx = ||V||sing. coso ‘Jo i //I
=>4 y = ||V||sine. sin6 X [ v

|z = ||[V||cose M’

\ X
7 = |72
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i = sing.cos6.1 + sing. sinb.j + cos@.k

(x,y,z) is called the components of the vector OMor the cartesian coordinates of the point M
in the orthonormal reference frame (OXYZ).

(OXYZ).oslaiall aalaiall ale o)) 8 M adaiill 435 Sl cildlaay) oM g ladl) CUS ja (X,Y,Z) (o
2.3.4. Magnitude (norm) of a vector §lxd 4l gh
||V|| =Jx2+y2+2z2=V
2.3.5. Scalar (dot) product (alwd) (G all) s)aal)
V1. V; = |[Vi||-||V2]|- cos
Where 0 is the angle (42513) between the two vectors Vfand Vz) 4
Vy 5 V; el sy seanall 45150 2 @
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a) Properties ool sl
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e If0 = E , their scalar product is zero: Vf 1 72) = VIV; =0

= =k.k =

= 7. k i.k=0

% If we know the compounds of two vectors in an orthonormal basis, the scalar product will

be expressed only in terms of these compounds:
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W(M) and 7{()’2) >V, = xx; + V1Yo + 2127
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b) Projection of the vector: §lad hiwa V2
The projection of the vector V; onto VT is given by the following relation:

A AL e VeV, g lanl) L 0
proj Vo /Vi = ||V2||.c059

0.V, = |[ll.|[V;]|. cosé = IIiill. proj V2/Vy

Sl v

proj V3 Vi

Vi

U is the unit vector of the vector Vl = ||lul| = = 1
1
= proj V,/Vi =
Vi

¢ ) Vector projection of vector: §lad hiua glad
The vector projection of vector 72) onto V; is a vector defined by:
Cipaplad o V] e TV, pladll i pla
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2.3.6. vector (cross) product &ddl (g pall) slaal)
The cross product of two vectors Vl) and 72 is another vector P perpendicular to the plane
which formed by two vectors, it’s direction is found by using the right-hand rule .

i ecneladll e oS5 A (s sisall o sasee P oAlglad 0 U, 5V cueledl eladll claal) 5 oyl
sl ) s ladiuly aalasl slay)
P =V AV, = ||| ||V2]|- sin0. @

Where U is the unit vector perpenducular to plane formed by VT and 72)

Oe OsSall (s sl e (g3 5aa)) Ban sl plad 8 4

v P ViAV; I

a) Properties - 7
3 T T — e u

[Pl = [mAv|| = Wil [[v2]. Isingl 4

& VAV, = —(VaA;) Vi
% ViN(V; £V5) = VIAV; + ViAV;

*
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The cross product can be calculated by the determinant method based on the compounds

X1 X1
ofo <y1> and Vg (}'1):
Z1 Z1

7 X/
XA X4

Vi AV, =[x Y1 z1| = 022 — 21y2).T— (X125 — 21%3).] + (12 — y1%2). k
X2 Y2 Z A
. . . VAV,
b) Magnitude of the cross product (Staddl slaall 4l gh
The magnitude of the cross product of two vectors 72’

represents the area of a parallelogram formed by

these two vectors:
(Ol (e AL & DY (5 ) sie Aaline Jid (e led] e ladl) elanll 4l 5k

\ViAG|| = V5| V|| Isin6]  and k= V;.|sinf]| = S = h.V; = |[V;AV|

2.3.7. Mixed product Jalisall glaal)

The mixed product of three vectors 71), 72) and 73) is the scalar quantity defined by

A (i) Bpalu il g V3 5 Vg 5 ;) Aadl 3 dabid) gl i elaall
X1 =N 4
X2 Y2 2
X3 Y3  Z3

Vl)' (VZ)AVB)) = = (¥223 — Z2y3)x1 — (X223 — Zox3)y1 + (X2Y3 — Yox3) 23
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Note : The value obtained from the mixed product
of the three vectors is equal to the volume of the parallelepiped

formed by these three vectors.
Lt o jal) (g lede Jumniall Al -ddaa

O Y 038 (pe JSEA, -
Properties: -7

X Vl' (VZ A V3) = V3. (Vl A Vz) = Vz. (V3 A Vl)
X 7{ (72) A Vg) = 0 =Either the three vectors are in the same plane or 72) [ V3’

Vo Il V3 & sh o simsal) i (3 5 g Ll 00D a2
1.3.8. Triple product: <islaal) slaal)

The triple product of three vectors Vl, Vz and V3 is defined by the vector D or:
s Dbl s 2a 5o o V3 F VZJ [/1 3l 3 Gaeladl Gyl f elaal)

D=ViA(VLAV5) = (1. V5).V, — (V1.V3). V3
2.4. Moment of a vector §\di a )=
2. 4.1. Moment of a vector relative to a point 4l ) duuilly gladia e

The moment of a vector Vf, which passes through point A, relative to a point O is defined by
the vector M such that:

GHeS ML o Ll i pme O Adaiill Rpuilly 4 Aaiily oy o3 77 gl o 3
Mo = OAAT,

2. 4.2. Moment of a vector relative to an axis J$> () Laailly gladiaje

The moment of a vector 71), which passes through point A, relative to an axis(A) is given by
the scalar product M such that:

(S M aleel] o pualls aea (A) snall dpnsilly 4 3080 ey ) ] el o e
My = My = (0AAVY). 05

U, the unit vector of the axis (A). (A) ossallsasllglad 4

2.5. Vector derivatives 4ad¥) ciliidia

Let a vector V depend on time (t) (vector function):
(e A1) (1) o3l o s Vgl 0S4

V(@) = x®)i+y@®)] +z(Ok

The derivative of the vector V with respect to time is defined as follows:
oS 48y o 3l Apnsilly T g Lol At
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dv dx9+dy++dz_>
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3 Properties oaibad
Consider two vector functions /T(t) and B (t)and f(t) a scalar function:

F() Rl Al 5 B(t) 5 A(t) onfuela cpilla (a8

dr> = dA  dB
] E(A-I_B):d_t_i_z

o S(FA)=FL+r
derp\_di g | rdB
dt
o = (ANB)="2AB+4RS;
2.6. Vector analysis Sladd) Juladl)
2.6.1. “Nabla” operator S sl

The nabla operator 7 is a vector quantity written in cartesian coordinates:

- d, 0 d -

V= . +—j+ EP k

O “Gradient” operator g3 fisa

Let f{x, y, z) be a scalar function. Gradient of f'is given by the following vector:

- . of\. (Of\. (Of\~

grad f=Vf = (a)l+<£>1+<a—z)k

O “Divergence” operator =il fi3

Letitbe V =V, 1 + V,j + V. k a vector function. We define divV as follows:
Lo 0y oy,

divV =V.V _E-I_W-FG_Z

O “Curl” operator ¢)_sdl i3

Letitbe V=11 +V,j + V,k a vector function. We define 7ot (V) as follows:
. L oy, oY, av, v, v, v\ —

= (3o ) (02
rOt(V) v <6y 6z>l ox  oz/)’ + dx 0y

O “Laplacian” operator oY fisa
- Laplacian of a scalar function is defined by the following relation:

= =S 2 a’f @ a2
P =00 =L+ L+t

- Laplacian of a vector function is given by the following relation:

aZVy -> + 62VZ E
dy? J dz2

72 (V) = .9(7) = 27 +



