Part 11

3 Order in R

3.1 upper and lower bounds

Definition 17 Let A be non-empty set of R, we say that

> The A is bounded from above if there exists M € R such that v < M for
all © € A. We then say M is an upper bound of A

> The A is bounded from below if there exists m € R such that m < z for all
x € A.We then say that m is alow bound of A.

> A is bounded if it is both bounded above and bounded below, that is
IJ(m, M) cR2Vz c A;, m<z<M.

>We say that A is unbounded if it is not bounded

Examplee £/ = {—2,-3,0,1,5,12}

—3 is a lower bound of F, because for all x € E, —3 < x.

12 is an upper boubd of E, because for all z € E , x < 12.

oF =]-1,3]

—2,—1 are two lower bounds of E/ , forallz € E, -2 < z and —1 < z.
3 and 4 are two upper bounds of E',V x € E such that < 3 and « < 4

Remark 18 The upper bound and lower bound of the set E are mot unique.
Indeed , R the set E = ]—1,3] has infinite number of low bounds and upper
bounds.

o J =N is bounded from below (each number 0 < x is lower bound) but not
from above

3.2 Maximum and Minimum

Let A be non-empty subset of R,

Definition 19 e The upper bound of A that belongs to A ( necessarily unique )
is called the mazimum of the set A. It is denoted by max (A). In other words,

M is a upper bound of A
M = max (4) & { M belonging to A
If a set has a maximum, which is an upper bound for set and is actually the
smallest of all possible upper bounds
The opposite is not true : a set can be bounded from above not admit a maxi-
mum

Definition 20 e The lower bound of A that belongs to A (necessarily unique )
is called the minimum of the set A. It is denoted by min (A). In other words,



m = min (A) & { m is a lower bound of A
m belonging to A
Additional notes
A bounded subset of R always has a maximum and a minimum.
Examples
The set [0,1] has a maximum of 1 and a minimum of 0.
The set (—o0,0] has a maximum of 0, but no minimum.

The set R has no maximum or minimum.

3.3 Supremum and Infimum

Let A be a non-empty set of R.

Definition 21 Let A C R be bounded from above. The supremum or least
upper bound of A is smallest of all upper bounds of A , which denoted by M =
sup(4)

M is a upper bound of A

M =sup(4) & { M is the smallest of all upper bounds of A

Definition 22 Let A C R be bounded from above. The infimum or greatest
lower bound of A is largest of all lower bounds of A , which denoted by m =
inf(A)

. m is a lower bound of A
m = inf (4) & { m is the largest of all lower bounds of A
Additional notes
A bounded subset of R always has a maximum and a minimum.

An unbounded subset of R may or not may have a maximum or a minimum.

Example 23 Let A = ]0, 1] the interval |0,1[ is bounded and upper bound by
land low bound by 0 (Vx € A,e 0 <z < 1).
> The set of upper bound is [1, +00[, which has the smallest of all upper bound is 1 .
Therefore, 3 sup(A) = 1, but max(A) does not exist 1 ¢ A, .
> [-00, 0] is the set of lower bounds, which has the greatest lower bounds is 0 ¢ A.
Therefore,3inf(A)=0,but min(A) does not exist..

Remark 24 the subset | — 0o, 1] of R is not bouned from below.

Remark 25 e The supremum of a set is a more general concept than the maxi-
mum of a set. It is easy to show that if a set has a mazximum, then this mazimum
1s also the supremum of the set.

For sake of simplicity:

e If A has a maximum then sup(A) = max(A).In the same way if sup (A) €
A then sup(A) = max(A)

o If A has a minimum then inf (A) = min (A).In the same way if inf (A) €
A then inf (A) = min (A).
The following propositions are true:



Proposition 26 :I) Any non-empty subset upper bounded (or lower bounded)
of R has a supremum (less upper bound) (or infimum (greatest lower
bound).

II) The supremum and infinimum of a subset of R, if they exist, are unique

Remark 27 : 1) Property I, called the supremum property, is not true in the
set of rational numbers Q..

2) Let A be a non-empty subset of R. We have A is bounded. = Vx € A :
inf(A) <z <sup(A4).

Proposition 28 Let A and B be two non-empty and bounded subsets of R and
B c R. We have the following properties:

1. ACB = supA<supB and inf B <inf A.

2. AU B admits a finite upper bound and a finite lower bound, then:

sup (AU B) = max {sup (A),sup (B)} and inf (AU B) = min {inf (A),inf (B)}
Proposition 29 3. if AN B # & then sup (AN B) < min {sup (A4),sup (B)}
and inf (AN B) > max {inf (A) ,inf (B)}
Proposition 30 /. sup(A+ B) =sup (A4) + sup (B)

and inf (A + B) = inf (A) + inf (B)........

Proof. 1.a) AC B & Vo € A= x € B and in addition ,we have B is bounded
= Jsup(B),Tinf (B) so Vo € A;inf (B) < z < sup(B) :This prove that A
is bounded above by sup (B) (sup (B) is an upper bound of A)and therefore
sup (A) exists for all x € A. then z < sup(A). Since sup (A) is the least
upper bound of A we must have sup (4) < sup (B)

b)Similarly, we have Vo € A = x € B (B is bounded)

so Vo € A;inf (B) < x = inf (B) is an lower bound of A but inf A is the
greatest of all lower bounds of A
Therefore inf B<infA. m

4 Characterization of Supremum and infimum

Proposition 31 let A # @; A C R,if A has a least upper bound. M € R so

o B Ve e Ajx <M
M—buP(A)—{ Ve>03mp€A:M—e<zg<M

if A has an greatest lower bound m € R then :
m = inf(A) = Vee Aim <z
a Tl Ve>0:dzpcA:m<azg<m-ite



4.1 Examples of training exercise

1
Example 32 Let A = {1 —n € N*}Determine s sup(A),inf(A), max(A), min(A).if
they exist.

1
Proof. fornzl:l—IzoeC = C is not empty.

a=ti-tao iy LV fglz2s 1
1 2 3 2°3

1
vn € N*, O§1—5<1 SVreA 0<z<l.

therefore

>

SO
We have: > 0and 0 € A so 0 is a lower bound for the set A, therefore
min A = 0 and so 0 is the smallest element in C
< inf A=minA4 = 0.

We show that sup A = 1,using the charaterization of the supremum

supC — 1 < Vee A,z <1
Pt = Ve > 0,dxg € A such that 1 — e < g
therefore .
V:EOEA:>EInOEN*suchthatxozl—n—
0

this implies that

1 1
Ve >0,dng € N suchthat 1 —e<1— — = —e < ——
no no

this gives
1
e > — =Ve>0,npe > 1.
no

1
by Archimedean property : dng € N* such that ng > —,

1 1
just take ng = [—] +1,thusl —e<1— — thenSupA=1 m
€ o

1
Example 33 Let B = {ﬁ —2,ne€ N*} Determine sup (B) and inf (B), if
they exist.

1
Proof. We have Vn € N*, O<ﬁ§1 thenvVe € D, -2 <z < —-1= Bis

bounded.
therefore Isup B,Jinf B such that Vo € B, infB <z < supB —
inf B=-2and supB = —1
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We have -1 € B so sup B = max B = —1,

We show that inf B = —2 using the charaterization of the infimum
. Ve € Byx > —2 -
nf 5= -2« { Ve > 0,dzg € B such that zp < =2+ ¢ ym=—2
therefore .
xg € B = Ing € N* such that v = — — 2,
ng

this implies that que
1 1
Ve >0,3ng € N* such that — —2< 2+e=¢e> —
n n
0 0
this gives
Ve > 0,nde > 1.

1
By Archimedean property : Ing € N* such that ng > \/; ,

1 1
just take : noz[\/;]—i—l, SOF<O+€ then infB=0m
0

5 Completed real number line R :

The completed real number line R is the set of all real numbers, together with
two additional elements, —oo and +o0.
The internal laws (+, —) and the order relation < are defined as follows :

cveer {2l zres

00+ (459) = 400, (~00) + (~00) = —oc

Vi € R* T X (+00) = (+00) X & = +00 (+00) X (+00) = (—00) X (—00) = 00
ovE € Ry {:z:x(—oo):(—oo)x:rz—oo ’ ‘{ (+00) % (—00) = (—00) X (+00) = —00
oVr € R, —oo< <400 o{ i—zii—z

R is called a completed real numbers line

Remark 34 The operations of addition (+) and multiplication (x)arenotde finedf orallpairsofelementsinR.F
(—0), (—o0) + (00), (00) x 0, and 0 x (00) are undefined.

6 Elements of topology in R:

6.1 Open and closed sets in R

Definition 35 :1) An open set O C R is a set such that Vx € O,3 I an open
interval C R such that I C R and I contains x.
2) A closed set F C R is a set such that its complement R\F is open.
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Examples :1) the intervals : |a,b[,]—o0c,a[,]a, +00[,]—00, +0oo| are all open
sets.

2) the intervals : [a, b], [a, +00],]—00, a] ,|—o0, +00[ are all closed
sets.

6.2 The neighborhood’s notion of a point:

After the notion of an open set, the notion of neighborhood is very important
in the study of convergence or limit.

Definition 36 A subset V' of R is a neighborhood of a point x¢: xg € R &
Ja > 0;]ag —a,z0+a[CV

We write V' € v (z9) .

> 10, 1[ is a neighborhood of all of its elements., indeed : Ja > 0;]zy — a, zg + o]
with 2y €1]0,1[, a=min(zg—0,1— ).

In the same way as the previous example we have : |xg — a, o + o[ C |0, 1].
>>The set R/Q is not a neighborhood of any of its elements.; Vo € R/Q;Va >
0,the interval Jz¢ — o, zg + o] contains a rational number.

Conclusion:

The completed real number line R is a useful extension of the real number line
that allows us to study concepts such as convergence and limit.
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