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Chapter 1 Mathematical reminders
Vector Calculus
Definition 2
A vector is represented graphyically by a line segment AB, A
where A is the chosen origin and B is the end point. AB

A vector is defined by:
- It’s direction A— B.
-It’s Magnitude AB
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The Unit Vector
the unit vector of vector 4 : U, = %
the vector U, is unitary when it’s magnitude ||U,|| = 1.
Vector addition
S=V+ 7,
Vi=xit+yyg  Vo=xi+yy)

§ = (X1 +x)T+ (Y1 + ¥2)J
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< Commutative ; § = 7{ + 7{ = V2> + V{ .
wAssociative:  (V; +V5) + V3 =V, + (V; +73).
< Distributive : (a+b).V; = a.V; + b.V, ; a.(V,+V,) = a.V,+a.V,

Example: A=-57+ 7f+6l?;§=6?+4f+3§
calculate (A+B )

Solution:
A+B = (-5+6) T +(7+4) ] +(6+3) k
=17+117+9k
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Vector substraction
D=V, =V, =V + (V) F‘;/‘ /
l_j — 171 — 172 > Fi VZ
;
Vi=xi+yg Vz XU+ Vo]

D = (X1=x2)T+ (Y1 — ¥2)J

V=V, % V, =V,
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Example: A=—5T+7]+6k:;B=6l+4]+3k
calculate (A — B )

Solution:
A—B=(-56)T+(7-4)]+(6-3) k =-117+37+ 3 k

Components of a vector
1- Lineare reference

OM = x1
Mix)
Co—s - >
b1 ~ A i
X
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2- Orthogonal reference
rand j the unit vector respectively in the directions of two axes (0x) and (oy).

We can write:

Ve =Vl

B=wi V=i

V=V.1+V,J
Y PV 4V
— R . 5 V. =Vcosa
V =V cosart + Vsinaj v, =Vsina
V =V(cosa T+ sinaj)
X

V=Vu
U= cosa L+ sinaj
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3- Orthonorme reference

In the reference R(0,Z, 7, k) (orthonormal base)

[7):‘/9;*"/3;*"/; - V= Vx?+Vy*+ Vzl_é
V.

sin6=§—> p=rsinf ‘
COS® :%—> Vi=p cosp — V,=rsind cos ¢ '
R / . L

SE(P _?y_) V,=p sing — V,=rsinBsing

V

—

= SiNB cos @ T +r sinBsing] + r cos 6 k
V=ru

2 = sind cos @ T +sindsing] + cos 0 k
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The magnltude of a vector
we have a vector A A=xT+y] +zk
the magnitude of a vector 4 : |4]| = Vx2+y2+22 20

Example: calculate the magnitude of V; and V,
V, = 37— 4] + 4k

V, =27+3]— 4k

Solution:

= V2]l =/3% + (—4)2+42 = V41
Vo= ||[V2|| =v/22 + 32 + (—4)2 =29
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Scalar product
1- Geometrical form:

We have: V; and V,

A AN AR

2- Analytical form:
We have:

Vl = XL+ V) +Z1k
Vz — le +y2] +sz
Vi.Vo =x1x5 +y1y2 + 212,



Scalar product
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Example:
V, =47+5/+3k,V, = =20+ 6]

Calculate the scalar product V.V,

Solution:
EQ = X1X2 + V1Yo + 212
ViV = (@X%X(-2))+((+5) X 6) +3 X0
V..V, = 30.



Properties of Scalar product

= V1. Vy = [Vi|. V2. coso = ||V2 . [|Vx]|- cos(—=6)=V7.V; = Vo Wy
" V(o +V5) = ViV, + V1V,

s (G +75) =% + Vy2 + 2V, Vyc0s0

= V, LV,=>V,.V, =0
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Projecting a vector

The projection of the vector V, onto V; is given by the following relation:

proj Vo, [V, = ||V2||.COSH J .

=3 =
praj 13,19
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Projecting a vector
Let’s have this figure here

Cos(0) = llll%zllll and also Cos(0) = ||VVV’V||..||VT/T| (proven formula)
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Cross product

1- Geometrical form:

N

)

The cross product of two vectors V; and V,

|

Is another vector P perpendicular to the plane which carries these two vectors.

B=WAV, = V. |5 ). sin6
Where u is the unit vector perpendecular to the plane formed by V; and V,



Cross product
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Properties of cross product:
= The magnitude of cross product: ||P|| = ||[VAAVL|| = ||[Vi]|. ||[V2]|- Isiné]
= Anticommutative : V; AV, = —(V,AV;)
= Distributive : : V,A(V, +V3) = VAV, + VAV,

= Vi //V, then  [[ViAV,][ =0
o ZRa _)then ”Vl/\VZ”:“Vl”'”VZ”

-
l

« INi=jANj=kANk=0and IAj=k JAk=1 kANi=7]
2- Analytical form:

X1 X1
we have 7{ ()ﬁ) and 7{ ()ﬁ) , with the matrix method
Zq Zq
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I FE B}
Vi AV = |x, V1 Z1 | = (V122 — 21Y2). T — (X122 — 21%3).] + (X172 — y1%2). k
X2 Y2 Z3
Example:
A=T7+57+8k;B=30+2]+4k
Calculate the vector product AN B
N N L )
AN B=|1 c g = (5x4-2x8)I-(1x4—-3x8)jJ+(1x2—-3X5)k
3 2 4
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Magnitude of Cross product

The magnitude of the vector product of two vectors
A and B represents the surface of a constructed parallelogram on its two vectors:

S=h.|B] y '
= /T|.Sin9 0 h /
=|A||B|sin@
=|AAE|

=]
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Mixed product
the mixed product of three vectors V; ; V, and V5 is the scalar quantity defined by:

X1 —V1 4
X2 Y2 4,
X3 Y3 Z3
= (V223 — Z2y3)x1 — (X223 — Z3x3)y1 + (X33 — V2X3) 74

V1>. (V2> N V3>) —

[ V1>_ (V2> N\ V3>) = V3>. (V:l) N\ V2>) — V2>' ([/3> A Vl))



Double vector product
Double vector product of three vectors A; B and C is defined by a vector D:

D=An(BAC)=(AC).B—(iB).¢
D= (ANB)AC=—(C.B). 4+ (CA).B
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Example:
d=10+17+3k/ b=21-3]+1k | ¢=11—1]+ 2k

— -

calculate the double vector product D =4 A (B A €)?
Solution:

(A.C).B =(1*1-1*1+3*2) . B =6(27 — 3] + 1k) = 127 — 18] + 6k
(A.B).C =(1*2-1*3+3*1).C = 2(17 — 1j + 2k) = 21 — 2] + 4k
D =127 — 18] + 6k - (20 — 2] + 4k) =107 — 16] + 2k



Moment vector V with respect to a point O :
The moment of a vector Vl) which passes through point A, by contribution to a point O is

defined by the vector M such that:
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—

Moment vector V with respect to axis (A): | >
M3 = My o = (0ANV). uy
u,: the unit vector de I’axis (A).




Derivative of a vector
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Let a vector V depend on time (t):
V(t) = x@)T+yt)] +z(t)k

The derivative of the vector IV with respect to time is defined as follows:

d17_dx Ly dze
at _dc' e
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d > = dA = dB
-E(A+B)=E+E

d >\ df dA
= —(fA)=—_+f—
d > = dA = —dB

d ;2,2 dd ,= ——=dB
—(AAB) = —AB + AN—



Vector analysis

J Operator « nabla »

794 %:,9%
=% 15 T oz

 Operator « gradient »
If f(x,y,z) Is a scalar function

grad f = Vf (6£) +(a§>]_’+(a];>_)

1 Operator « divergence »

Letavector V = Vi +V,] + V;k

div? = 7.7 = 2% 2 O .
Y T T e T oy T oz ‘
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Vector analysis
L Operator « curl »
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a vector function V = V.7 + V,J + vk
I I av, W\ [(oV, OV,\- [0V, 9V, \—
_ _ _ > [OVz  OVx)- Py _ 9%\ 7
rot(V) VAV (6)/ e l . ~ j + ox  dy
Explanation:
+i — ] + k
T_Ot)(v)) — i i i = A+B+C
dx ady 0z
A A v,




Vector analysis
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i
g= |2 0| (e _ )5
B £><E_ ox 0z
V¥ V,
+k
_ |9 0 _ aVy_an)
b= dx dy _(6x dy k
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Vector analysis
+i -j  +k
=\ | o 9 o _ (v, dVy\> oV  aVy\7 , (OVy  OVy)7
curl(V') = dx ay E'(ay az)l (ax az)]+(6x ay)l‘
V. , ,

Example: Calculate the curl of vector :

V= 2xyi +3yz2 ] +9xy3k
Solution:
curl(V') = (27x y? - 6yz) i -(9y3-0)] +(0-2x)k

curl(V') = (27x y2 - 6yz) i -9y3] - 2xk




Vector analysis
1 Operator « laplacien »
the laplacien of a scalar function is given by the following

C AR 72 -7 azf azf
relation: 72.(f) =V.V(f) = axz L+ 5y2 1 922

the laplacien of a vector function is given by the following
. — — - —,— 2 0?2
relation: 72.(V)=7.7(V) = &7 Vy OV i

dx?2 072
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