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Spacial motion
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Agendas

Motion in cylindrical Coordinates

Motion in spherical coordinates



Cylendrical
Coordinates

By definition, the cylindrical coordinates of a point M are:
(r,φ, z), and unit basis vectors (𝑒𝑝, 𝑒φ, 𝑘) where r ≥ 0 𝑎𝑛𝑑

0 ≤ θ ≤ 2𝜋

𝑒𝑝 = 𝑐𝑜𝑠φԦ𝑖 + 𝑠𝑖𝑛φԦ𝑗

𝑒φ = −𝑠𝑖𝑛φԦ𝑖 + 𝑐𝑜𝑠φԦ𝑗

𝑒𝑧 = 𝑘

r ≥ 0
0 ≤ φ ≤ 2𝜋

−∞ ≤ z ≤ ∞

M’

M



• The cylendrical Coordinates are just an extention of 
the polar coordinates for the three dimensiontional
coordinates system

• The cylendrical coordinates of a point M are (r,φ,Z)
* r is the distance between the point P and the Z axe

*φ is the angle between the axis(x) and the vector OM’
where M’ is the projection of M on the (xy) plane
* Z is the height of the point M



• Convert Cylendrical to Cartesian:

𝑟
φ
𝑧

→
𝑥
𝑦
𝑧

: ቐ
𝑥 = 𝑟. 𝑐𝑜𝑠φ
𝑦 = 𝑟. 𝑠𝑖𝑛φ
𝑧 = 𝑧

• Convert Cartesian to Cylendrical:

•
𝑥
𝑦
𝑧

→
𝑟
φ
𝑧

: ൞
𝑟 = 𝑥2 + 𝑦2

tg(φ) =
𝑦

𝑥
𝑧 = 𝑧



• Position vector:
𝑂𝑀 = OM′ +M’ M = 𝑟. 𝑒𝑝 + 𝑧 𝑒𝑧
Oℳ = r cosφ. Ԧi + r sinφ. Ԧj + 𝑍k

The elementary displacement is given by the expression
d𝑠2 = d𝑟2 + 𝑟2d𝜽2+d𝑧2



• Velocity vector:

• Ԧ𝑣 𝑡 =
𝑑𝑂𝑀

𝑑𝑡
=

𝑑

𝑑𝑡
𝑝. 𝑒𝑝 + 𝑧𝑒𝑧 =

Ԧ𝑣 𝑡 =
𝑑

𝑑𝑡
𝑝. 𝑒𝑝 + 

𝑑

𝑑𝑡
𝑧𝑒𝑧

= ሶ𝑝 𝑒𝑝 + p
𝑑𝑒𝑝

𝑑𝑡
+ ሶ𝑍 𝑒𝑧 + Z 

𝑑𝑒𝑧

𝑑𝑡

𝑒𝑝 = 𝑐𝑜𝑠φԦ𝑖 + 𝑠𝑖𝑛φԦ𝑗

𝑑𝑒𝑝

𝑑𝑡
= − ሶφ𝑠𝑖𝑛φԦ𝑖 + ሶφ𝑐𝑜𝑠φԦ𝑗 = ሶφ 𝑒φ

Ԧ𝑣 𝑡 = ሶ𝑝 𝑒𝑝 + p ሶφ 𝑒φ + ሶ𝑍 𝑒𝑧



Ԧ𝑣 = 𝑣𝑟
2 + 𝑣φ

2 + 𝑣𝑧
2 with  

Ԧ𝑣 ൞

𝑣𝑟 = ሶ𝑝 𝑟𝑎𝑑𝑖𝑎𝑙

𝑣φ = 𝑝 ሶφ 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙

𝑣𝑧 = ሶ𝑧 𝑎𝑧𝑖𝑚𝑢𝑡𝑎𝑙

Magnitude



• Acceleration vector: 

• Ԧ𝑎 =
𝑑𝑣

𝑑𝑡
=

𝑑

𝑑𝑡
ሶ𝑝 𝑒𝑝 + p ሶφ 𝑒φ + ሶ𝑍 𝑒𝑧

• Ԧ𝑎 = ሷ𝑝 𝑒𝑝 + ሶ𝑝 𝑑𝑒𝑝

𝑑𝑡
+ ሷφ p 𝑒φ + ሶφ ሶ𝑝 𝑒φ + p ሶφ

𝑑𝑒φ
𝑑𝑡

+ ሷ𝑍 𝑒𝑧

• 𝑒φ = −𝑠𝑖𝑛φԦ𝑖 + 𝑐𝑜𝑠φԦ𝑗

•
𝑑𝑒φ
𝑑𝑡

= - ሶφ 𝑐𝑜𝑠φ Ԧ𝑖 - ሶφ 𝑠𝑖𝑛φ Ԧ𝑗 = ሶφ (𝑐𝑜𝑠φԦ𝑖 + 𝑠𝑖𝑛φԦ𝑗)

•
𝑑𝑒φ
𝑑𝑡

= ሶφ 𝑒𝑝

• Ԧ𝑎 = ( ሷ𝑝 - ሶφ2𝑝) 𝑒𝑝 + (2 ሶ𝑝 ሶφ + ሷφ p ) 𝑒φ + ሷ𝑍 𝑒𝑧



Ԧ𝑎 = 𝑎𝑟
2 + 𝑎φ

2 + 𝑎𝑧
2 with

Ԧ𝑎 ൞

𝑎𝑟 = ሷ𝑝 − ሶφ2𝑝 𝑟𝑎𝑑𝑖𝑎𝑙

𝑎φ = 2 ሶ𝑝 ሶφ + ሷφ p 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑎𝑙

𝑎𝑧 = ሷ𝑧 𝑎𝑧𝑖𝑚𝑢𝑡𝑎𝑙

Magnitude



Spherical
Coordinates

Spherical Coordinates ( r, 𝜃, ϕ)

0≤ 𝑟 ≤ ∞
0≤ φ ≤ 𝜋

0≤ 𝜃 < 2𝜋

ቐ

𝑥 = R sinθ cos 𝜑
𝑦 = R sinθ𝑠𝑖𝑛𝜑
𝑧 = 𝑅. 𝑐𝑜𝑠φ



• The spherical coordinates of a point P are (r, φ, θ) where:

R : is the distance between the origin and the point M

φ:is the angle between the axis(x) and the point m, where m is the 

projection of point M on the (xy) plane

θ : is the angle between vector R and Z axe



Convert from spherical to cartesian :

ቐ
𝑥 = 𝑟. 𝑐𝑜𝑠𝜃
𝑦 = 𝑟. 𝑠𝑖𝑛𝜃
𝑧 = 𝑅. 𝑐𝑜𝑠φ

r =R 𝑠𝑖𝑛φ

𝑅
𝜃
φ

→
𝑥
𝑦
𝑧

: ቐ
𝑥 = 𝑅. 𝑠𝑖𝑛φ.𝑐𝑜𝑠𝜃
𝑦 = 𝑅. 𝑠𝑖𝑛φ. 𝑠𝑖𝑛𝜃
𝑧 = 𝑅. 𝑐𝑜𝑠φ

• Convert Cartesian to spherical:

•
𝑥
𝑦
𝑧

→
𝑅
𝜃
φ

: 

𝑅 = 𝑥2 + 𝑦2 + 𝑧2

𝑐𝑜𝑠φ =
𝑧

𝑅

𝑡𝑔𝜃 =
𝑦

𝑥



The position vector 𝑂𝑀 is defined by: r(t), 𝜃(t), φ(t) 
Using relationships between vectors (𝑒𝑟 , 𝑒φ 𝑒𝜃)

𝑒𝑟 = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠φԦ𝑖 + 𝑠𝑖𝑛𝜃 . 𝑠𝑖𝑛φԦ𝑗 + 𝑐𝑜𝑠𝜃𝑘

𝑒φ = −𝑠𝑖𝑛φԦ𝑖 + 𝑐𝑜𝑠φԦ𝑗

𝑒𝜃 = 𝑐𝑜𝑠𝜃𝑐𝑜𝑠φԦ𝑖 + 𝑐𝑜𝑠𝜃𝑠𝑖𝑛φԦ𝑗 − 𝑠𝑖𝑛𝜃𝑘



• Position vector:
• R = ‖𝑂𝑀‖ = R 𝑒𝑟

The position vector 𝑂𝑀 is defined by: R(t), 𝜃(t), ϕ(t)
• 𝑂𝑀 = 𝑅[𝑠𝑖𝑛𝜃𝑐𝑜𝑠φԦ𝑖 + 𝑠𝑖𝑛𝜃 . 𝑠𝑖𝑛φԦ𝑗 + 𝑐𝑜𝑠𝜃𝑘] = R𝑒𝑟



• Velocity vector:

Ԧ𝑣 𝑡 =
𝑑𝑂𝑀

𝑑𝑡
=

𝑑

𝑑𝑡
𝑅𝑒𝑟 =

𝑑R

𝑑𝑡
𝑒𝑟 + 𝑅

𝑑𝑒𝑟
𝑑𝑡

•
𝑑𝑒𝑟

𝑑𝑡
= ሶ𝜃 𝑐𝑜𝑠𝜃𝑐𝑜𝑠φԦ𝑖 + 𝑐𝑜𝑠𝜃𝑠𝑖𝑛φԦ𝑗 − 𝑠𝑖𝑛𝜃𝑘 + ሶሶφsin𝜃[−sinφԦ𝑖+cosφԦ𝑗]

•
𝑑𝑒𝑟

𝑑𝑡
= ሶ𝜃𝑒𝜃 + ሶφ𝑠𝑖𝑛𝜃𝑒φ

Substituting into the equation of speed, we obtain:
• Ԧ𝑣 𝑡 = ሶ𝑅 𝑢𝑅 + 𝑅 ሶ𝜃𝑒𝜃+R 𝑠𝑖𝑛𝜃 ሶφ 𝑒φ

Then the three components of the velocity vector appear as follows:
• Ԧ𝑣 𝑡 = 𝑣𝑅 + 𝑣𝜃+𝑣φ

• Ԧ𝑣 𝑡 =
𝑑𝑅

𝑑𝑡
𝑢𝑅 + 𝑅

𝑑𝜃

𝑑𝑡
𝑠𝑖𝑛φ𝑢𝜃+R

𝑑φ
𝑑𝑡

𝑢φ



Ԧ𝑣 = 𝑣𝑅
2 + 𝑣𝜃

2 + 𝑣φ
2 withe  

Ԧ𝑣 ൞

𝑣𝑅 = ሶ𝑅 𝑟𝑎𝑑𝑖𝑎𝑙

𝑣𝜃 = 𝑅 ሶ𝜃 𝑎𝑧𝑚𝑢𝑡𝑎𝑙

𝑣φ = R 𝑠𝑖𝑛𝜃 ሶφ 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙

Magnitude



Acceleration vector:

• Ԧ𝑎 =
𝑑𝑣

𝑑𝑡
=

𝑑

𝑑𝑡
ሶ𝑅 𝑢𝑅 + 𝑅 ሶ𝜃𝑒𝜃+R 𝑠𝑖𝑛𝜃 ሶφ 𝑒φ

• Ԧ𝑎 = ሷ𝑅 − 𝑅 ሶ𝜃2 − 𝑅 ሶφ2 𝑒𝑟 + 𝑅 ሷ𝜃 + 2 ሶ𝑅 ሶ𝜃 − 𝑅 ሶφ2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 𝑒𝜃

+ 𝑅 ሷφ𝑠𝑖𝑛𝜃 + 2 ሶ𝑅 ሶφ𝑠𝑖𝑛𝜃 + 2𝑅 ሶφ ሶ𝜃 𝑐𝑜𝑠𝜃 𝑒φ



Ԧ𝑎 = 𝑎𝑅
2 + 𝑎𝜃

2 + 𝑎φ
2 with  

Ԧ𝑎

𝑎𝑟 = ሷ𝑅 − 𝑅 ሶ𝜃2 − 𝑅 ሶφ2

𝑎𝜃= 𝑅 ሷ𝜃 + 2 ሶ𝑅 ሶ𝜃 − 𝑅 ሶφ2𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

𝑎φ = 𝑅 ሷφ𝑠𝑖𝑛𝜃 + 2 ሶ𝑅 ሶφ𝑠𝑖𝑛𝜃 + 2𝑅 ሶφ ሶ𝜃 𝑐𝑜𝑠𝜃

Magnitude
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