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1 Concepts of function

1.1 Definitions

Definition 1. A real-valued function of a real variable is a mapping f : U — R

where U s a subset of R.
In general, U is an interval or a union of intervals. U is called the domain of

definition of the function f.
Example 1. The inverse function:
f ] —00,0[U]0, 400 — R
1
x — —
x

The graph of a function f : U — R is the subset 'y of R? defined by
I'y={(z f(x)) |z €U}

The graph of a function (on the left), the example of the graph of z % (on the
right).

¥




1.2 Operations on functions

Let f:U — R and g : U — R be two functions defined on the same subset U
of R. We can then define the following functions:

e The sum of f and g is the function f + g : U — R defined by (f + g)(z) =
f(x)+ g(z) for all z € U.

e The product of f and g is the function f x g : U — R defined by (f x g)(z) =
f(x) x g(zx) for all x € U.

e The multiplication by a scalar A € R of f is the function A- f : U — R defined
by
A f)x)=A- f(z) for all z € U.

1.3 Bounded functions
Definition 2. Let f : U — R and g : U — R two functions, then:
o f>g if VeeU; f(z)>g(x),
o f>0 if VeeU; f(x)>0;
o >0 if VeeU; f(x)>0;
e f is said to be constant on U if Ja € R, Vr € U, f(x) = a;
o f is said to be zero on U if Yx € U, f(x) =0.
Definition 3. Let f : U — R be a function. We say that:
o f is bounded from above on U if AM € R, Vx € U, f(x) < M;
e f is bounded from below on U if Im € R, Ve € U, f(x) > m;

e f is bounded on U if it is both upper bounded and lower bounded on U, that is,

if
AM €R, Ve eU, | f(z)|< M.



Here is the graph of a bounded function (bounded from below by m and from
above by M).

1.4 Increasing and decreasing functions
Definition 4. Let f : U — R be a function. We say that:

o f isincreasing on U if Va,b €U, a<b= f(a) <

b);

I
o f s strictly increasing on U if Ya,b € U, a <b= f(a) < f(b),
I

fb);

o f is strictly decreasing on U if Ya,b € U, a <b= f(a) > f(b);

o f is decreasing on U if Ya,b € U, a <b= f(a) >

e f is monotone (resp. strictly monotone) on U if f is increasing or decreasing
(resp. strictly increasing or strictly decreasing) on U.

Here is the graph of a strictly increasing function.



[0,00[ — R

Example 2. e The square root function { 15 strictly increasing.

T —> T

R —R
e The absolute value function 15 neither increasing nor decreasing.
0,00 — R , , , .
Howewver, the function [ [ 18 strictly increasing.

1.5 Parity and periodicity

Definition 5. Let I be an interval on R symmetric with respect to O (that is, of the
form | —a,a| or [—a,a] orR ). Let f: I — R be a function defined on this interval.
We say that:

o fiscven ifVerel, f(—z)= f(x).
o fisoddifVeel, f(—z)=—f(x).
Graphical interpretation:

e fis even if and only if its graph is symmetric with respect to the y-axis (left
figure).

e fis odd if and only if its graph is symmetric with respect to the origin (right
figure).



Example 3. The function cos : R — R is even. The function sin : R — R is odd.

Definition 6. Let f : R — R be a function and T a real number, T > 0. The
function f is said to be periodic with period T if VYx € R, f(x+T) = f(z).

Example 4. The sine and cosine functions are 2mw-periodic. The tangent function
18 m-periodic.

2 Limits

2.1 Limit at a point

Let f : I — R be a function defined on an interval I of R. Let zqg € R be a
point in I or an endpoint of 1.
Definition 7. Let { € R. It is said that f has a limit ( at xq if

Ve>0,30>0, Vel |z—x|<d=]|f(x)—V(|<e

It is also said that f(x) tends to ¢ as x approaches xo. We denote this as lim f(x) = ¢

Tr—x0
orlimf =1/
zo

Definition 8. e [t is said that [ has a limit of +00 at xg if

VA>0,30 >0, Veel |z—x|<d= f(z)>A.
We then denote lim f(z) = 4o0.
T—T0



e [t is said that [ has a limit of —oco at xg if
VA>0, 30 >0, Vel |z—x|<d= f(z)<—-A.
We then denote lim f(x) = —oo.

T—TQ

2.2 Limit at infinity

Let f: I — R be a function defined on an interval of the form I =|a, +oo.

Definition 9. o Letl € R. It is said that [ has a limit { at +oo if
Ve >0, dB>0,Vr el z>B=|f(x)—Vl|<c¢

li = li =/.
We then denote x_l)I_PQQf(x) ¢ or ig.}f 14

e [t is said that [ has a limit +o00 at +oo if
VA>0,3B>0,Veel z>B= f(z)>A
We then denote lim f(x) = +o0.
T——+00

In the same way, we would define the limit at —oo for functions defined on in-
tervals of the type | — oo, al.

Example 5. We have the following classical limits for alln > 1:

. . +o0 if n is even
e lim 2" = o0, and lim 2™ = o
T—+00 T——00 —o0 if n is odd
o lim L+ =0, and lim L =0.
z—+o00 T r——00



2.2.1 Right-hand and Left-hand Limits
Let f be a function defined on a set of the form |a, xo[U]x, b].

Definition 10. o We call the right-hand limit at xo of f the limit of the function

at xo, and it is denoted as limf.
]x(),b[ wg

o We similarly define the left-hand limit at xo of f as the limit of the function
f at xo, and it is denoted as limf.

la,zo] T

e We also denote lim f(z) for the right-hand limit and lim f(z) for the left-

T—rX0 T—rx0
> <

hand limzit.

3 Uniqueness of the limit

Proposition 1. ‘]f a function has a limit, then that limit is unique. ‘

Proposition 2.

lim f(z)=¢ <= lim f(z)= lim f(zx)=1/¢

a—0 a—ao 2o
Example 6.
fR—R
N {2:1; +3  if x>0
dr + 5 if <0
We have

lim f(z) =3 and lim f(x) = 5. In this case, it is said that f does not have a limit
z—+0 z—0
at 0.

Let there be two functions f and g. We assume that x, is a real number, or that

To = £00

Proposition 3. If lim f=¢ €R and lim g =( € R, then:
xo o

8



im (A-f)=A-0 forallXeR
zo

lim (f +g)=(+(

lim (f x g) = x(

If ¢ # 0, then lim % = %
zo

Moreover, if lim f = 400 (or —oco ), then lim % = 0.
X0 o

If h is a bounded function and lim f =0, then lim (h- f) =0
X0 xo

Proposition 4 (Composition of Limits).

If lim f=/{ and liing:[, then lim go f =10
)

Zo

Proposition 5. e Iff<gandiflimf=¢ceRandlimg="¢ €R, thenl < (.
xo xo
o If f <gandiflim f = +oo, then lim g = +o0.
o o

e Sandwich Theorem (Squeeze Theorem)

If f<g<handlim f=1im h=/¢€R, then g has a limit at ¢ and lim g = {.
xo o

x0

Proposition 6. 1. liII(l) (1+ x)% =) Le
T—r
2. lim (1+1)"=m> e

T——+00

Proof. 1. (1+x)% =exp (2In(1+2))
and we have :

limln (1+2) _ limln (14+2z) —In(1)
z—0 €T z—0 x—0

—(In(l+2)),_, = (1 i :v>zo _ 1,

8|~

then, lim (1 + x)= = exp(1l) = e.
z—0

2. The second is proven in the same way.



Example 7. 1. lim (1 4 sin x)%.

xz—0

2. lim (27

xr—~+00 z—6

Solution:
1.
L1 . \lsinz : e sinz
(1+sinx)s = (1+sinz) = | (1 +sinz) e =e
2.
r+4\" (x—6+6+4\" ) 1 \" 5
r—6) r—6 B “31_()6
1\® \" .
= (1 + x_6) — s 6 = el
10
4 Continuity at a point
4.1 Definitions
Let I be an interval in R, and f : I — R be a function.
Definition 11. e [t is said that f is continuous at a point xo € I if

Ve>0,30>0,Veel |xz—x|<d=]f(x)— f(xo)|<el

That s,

lim f(x) = f(zo)

T—>XQ

o We say that f is continuous on I if f is continuous at every point in I.

10



Definition 12. o We say that f is right-continuous at point o € I if

lim = f(z) = f(zo)

T—rX0
>

o We say that f is left-continuous at point xg € I if

lim — f(z) = f(xo)

:B?xo
Example 8.
f:R—R
2z + 1 if x>1
r 3 if =1
4o 45 if v<1
We have

lim f(z) =3 = f(1) and lim f(x) =9 # f(1). In this case, it is said that f does
xfl Ijl

not have a limit at 1.
f is right-continuous at 1 but is not left-continuous at 1, so f is not continuous at

1.
Example 9. The following functions are continuous:

e The functions "square root” x — \/x and In are continuous on )0, +oo.

e The functions sin, cos, exp and absolute value x —| x | are continuous on R.
Proposition 7. Let f,g : [ — R be two functions continuous at a point xo € I.
Then

e )\ f is continuous at xo (for all A\ € R),

e [+ g is continuous at x,

e f X g is continuous at x,

o If f(xg) #0, then % is continuous at Tg.

11



Proposition 8. Let f : I — R and g : J —> R be two functions such that
f(I) C J. If f is continuous at a point xg € I, and g is continuous at f(xgy), then
go f is continuous at xg.

4.2 Extension by continuity

Definition 13. Let I be an interval, xo a point in I, and f : I\ {xe} — R a
function.

e [t is said that f is extendable by continuity at xo if f has a finite limit at .
We then denote the limit as lim f(x) = (.
Tr—>rT0

e We then define the function f : I — R by setting for all x € 1.

: {f(x) if @ # o

14 if x = xg.

Then f is continuous at xy, and it is called the continuity extension of f at xg

o) - s (1)

15 defined and continuous on R*. Moreover, for all x € R, we have

()]s

So, lirr(l)f(x) = 0. The continuous extension of f at point 0 is therefore the function
z—

f defined by

Example 10. The function

()] =

= . Jasin (%) if © #£0,
f(x){o ifz=0.

12



4.3 Intermediate Value Theorem

Theorem 1. Let f be a continuous function on the interval [a, b]

For every real number k between f(a) and f(b), there exists ¢ € [a,b] such that f(c) = k.

TP NLER LR | A
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Here is the most commonly used version of the Intermediate Value Theorem.

Theorem 2. Let [ be a continuous function on the interval [a, b]

If f(a) - f(b) <0, then there exists ¢ €]a,b| such that f(c) =0 .

5 Derivative

5.1 Derivative at a point
Let I be an open interval in R, and let f : I — R be a function. Let xy be in I.
Definition 14. f is differentiable at xy if the rate of change %ﬁ;}(x") has a finite

limit as x approaches x.
The limit is then called the derived number of f at xo and is denoted as f'(xo). Thus

f;(xo) = lim f(:c)—f(xo).

r—xg TTT0

13



Remark 1. Another representation of the derivative is as follows:

f s differentiable at xq if and only if lim w
h—0

exists and is finite.
Definition 15. f is differentiable on I if f is differentiable at every point xo € I.
The function x — f'(x) is the derivative function of f, it is denoted as f' or %.

Example 11. The function defined by f(x) = z? is differentiable at every point
ro € R. Indeed

f(flf)—f(l’o)':l‘z—x% — (:E—.Z'())(ZE‘FIL‘O) =r+x9 — 2%0.
T — T T — X T — T T—TQ

It has even been shown that the derived number of f at xy is 2xg, in other words:

f(z) = 2.

Definition 16. e f is right-differentiable at o, if lim L&=/@0) — filxo).

—X0 T—To

o f is left-differentiable at xo, if lim f@)=flzo) f; (o).

r—ay 90
o f is differentiable at vy <= [ is right-differentiable and left-differentiable at xg
and f (o) = f,(x0) = f;(x0)-
Proposition 9. Let I be an open interval, xo € I, and let f : I — R be a function.
o [If f is differentiable at xq, then f is continuous at xq.
o If f is differentiable on I, then f is continuous on I.

Remark 2. The converse is false: for example, the absolute value function is con-
tinuous at 0 but is not differentiable at 0.

14



Indeed, the rate of change of f(x) = |x| at xo = 0, satisfies:

f(x) — f(0) _|x|:{+1 if #>0

r—0 oz -1 if z<0

There is indeed a right-hand limit (f,(0) = +1) and a left-hand limit (f,(0) = —1),
but they are not equal: there is no limit at 0. Therefore, f is not differentiable at
x = 0. This can also be seen in the graph; there is a half-tangent on the right and a

half-tangent on the left, but they have different directions.
Proposition 10. Let f,g: I — R be two differentiable functions on I. Then

o (f+g)=f+g
o (\f) =\f where X\ is a fized real number

o (fxg9)=fg+/fg
(4) ==& @rr#0)
(£) =22t (g2 0)

g

5.2 Derivative of common functions

u represents a function x — u(x)

15



5.3 Composition

: — Function Derivative
Function Derivative ” T
7 — U nu u (n € Z)
T nx (neZ) :
1 T L — 4
u
\/5 2/x \/a : 2\/u
x® ar®l (o €R) u® avu*! (a €R)
7
e’ e’ e ue'
1 7
In z Inu "
— Q] 7.
oS SILL COS U —u sinu
: . /
ST C;)S v . sin v U COS U
tanx |14+ tan“x = — /
COS= tanu | u (14 tan’u) = o

Proposition 11. If f is differentiable at xo and g is differentiable at f(xq), then
go f is differentiable at xq with derivative:

(9 0f) (o) = g (f(20)) - f (x0)

5.4 Rolle’s Theorem
Theorem 3 (Rolle’s Theorem). Let f : [a,b] — R such that

e [ is continuous on |a, b,

e [ is differentiable on ]a,b],

o fla) = f(b).

Then, there exists ¢ €]a, b such that f'(c) = 0.

16
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There exists at least one point on the graph of f where the tangent is horizontal.

5.5 Mean Value Theorem

Theorem 4 (Mean Value Theorem). Let f : [a,b] — R be a function that is
continuous on |a,b] and differentiable on |a,b].
Then, there exists ¢ €]a,b| such that

f(b) - fla) = f(c)(b - a)

5.6 Increasing Function and Derivative

Corollary 1. Let f : [a,b] — R be a function that is continuous on |[a,b] and
differentiable on |a, b|.

[
1. Yz €la,b] f(x) >0 <= f is increasing;
2. Vx €la,b] f(x) <0 <= f is decreasing;
3. Va €la,b] f(x)=0 <= f is constant
4.V €la,b] f(x) >0 = f is strictly increasing;
5 Vr €la,b] f(r) <0 = f is strictly decreasing.

Corollary 2 (L’Hopital’s Rule). Let f,g : I — R be two differentiable functions,
and let xo € I. We assume that

lim f(z) = lim g(z) =0 (or c0)

T—T0 T—T0

If lm L8 —y¢(eR)  then limi% =y

T—x0 g’(ac) T—rITQ g(ac)

17



Example 12. Calculate the limit at 1 of ln(xli(;xx)fl) We verify that:

o f(z)=In(z?+z-1), al;l_%f(x) =0, f(z)=-2utl

z2+z—1’

o f()=In(z), limg(x)=0, g(x)=1,

() 2r + 1 202 +
gx) x*4z-1 241 —1 21
Therefore
CR
glz) @1
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