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CHAPITRE 1

MATHEMATICAL LOGIC

1.1 Logic

1.1.1 Concept of proposition

Définition 1.1. A proposition is a mathematical expression which is either true or false, and
it cannot be true and false at the same time.
Exemple 1.1. 1. "1 +2 =3 "1s a true proposition.

2. "5 is an even number" is a false proposition.

3. "2 1s not a rational number."” is a true proposition.

4. " n divides 8 " is not a proposition, because it depends on the value of n.
Remarque 1.1. — A proposition is usually denoted by a capital letter such as P, Q, or

R' n

— We write 1 for a true proposition and 0 for a false proposition.
— For several propositions, we use a truth table to show all possibilities.

Exemple 1.2. 1. For one proposition, there are two possibilities :

P
1
0

2. For two propositions, there are four possibilities :

Q
1
0
1
0

OO ==




1.1.2 The negation of a proposition

Définition 1.2. The negation of P is written as =P or P. It is true when P is false, and false
when P is true. The truth table is :

PP
110
1

TABLE 1.1 — Table de vérité de P

Exemple 1.3. 1. P:"2 is a prime number". (true proposition)
P: " 2 is not a prime number ". (false proposition)

2. Q73> 5".(false proposition)

Q : "3 <5". (true proposition)

Remarque 1.2. The negation of the negation of P is the same as P. So : pP=r

1.1.3 Logical connectives

Let P and Q be two logical propositions.

The conjunction

Définition 1.3. "The conjunction of P and Q is written (P A Q). It is true only when both P
and @ are true. The truth table is :

PIQIPAQ
111 1
170 0
01| o0
00| 0

TABLE 1.2 — Table de vérité de P A Q)

Exemple 1.4. P : "2 is an even number " (true)
Q : "2 is a prime number "(true)
Then : PAQ : "2 is an even number and 2 is a prime number” (true).

The disjunction

Définition 1.4. The disjunction of P and Q is written (PN Q). It is true if at least one of P
or Q is true. It is false only if both are false. The truth table is :

PIQ[PVQ
T[1] 1
10| 1
0] 1] 1
00| O

TABLE 1.3 — Table de vérité de PV Q)



Exemple 1.5. P : "4 is a multiple of 2" (true)
Q : "4 is a multiple of 3 "(false)
Then : PV Q : "4 is a multiple of 2 or 4 is a multiple of 3" (true).

Implication

Définition 1.5. The implication of P and Q is written (P = Q). It means "If P then Q". It
18 false only when P s true and @ is false ; in all other cases it is true. The truth table is :

PIlQ|P=Q
1)1 1
110 0
0]1 1
010 1

TABLE 1.4 — Table de vérité de P = @)

Exemple 1.6. P: "x =2"
Q M2 =g
P=Q:"ifv=2,thenx®> =4 " (true).

Remarque 1.3. The implication (P = Q) is equivalent to the proposition (P Vv Q)

Equivalence

Définition 1.6. The equivalence of two propositions P and @Q is the proposition writen (P < Q).
It is true when P and Q are both true or both false, and false in all other cases. It can also be
defined as :

(PeQ)=(P=Q) N Q=P)

The truth table is :

PIQ|P&eQ
111 1
110 0
0]1 0
010 1

TABLE 1.5 — Table de vérité de P < @

Exemple 1.7. P : " x is even. "

Q - " x s divisible by 2. "
P < Q : "xis even if and only if x is divisible by 2" (true).

Propriété 1.1. Let P,Q and R be three logical propositions, then :

1. Commutativity of \ and \V :
PNQ& QAP

PVQsQVP
2. Associativity of of A and V :
(PNQ)ANR< PA(QAR)

(PVQ)VR< PV(QVR)
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3. Distributivity

4. De Morgan’s Laws

1.1.4 The Quantifiers

Universel quantifier "V"

— Symbol : V (read as "for all" or "for every").
Ve e E, P(x)
— Meaning : The proposition P(x) holds for all elements of the set E.

Exemple 1.8. The proposition : ¥z € C,|z| = 1 (false), because for z = 2i we have |z| = 2 # 1.

Existential quantifier "3"

— Symbol : 3 (read as "there exists").
dx € E, P(x)
— Meaning : There is at least one element in the set F that satisfies the proposition P(x).

Exemple 1.9. The proposition : 3z € R,x 4+ 2 > 5 (true), because for x = 4 we have x + 2 =
6 > 5.

Remarque 1.4. — Symbol : 3 (read as "There exists a unique”).
dlz € E, P(x)
— Meaning : There exists a unique element in the set E that satisfie the proposition P(x).

Exemple 1.10. The proposition : 3w € R, 2*> = 0 (true), because for x = 0 we have 0> = 0.

the negation of quantifiers
1. Negation of the universal quantifier " Vo € E, P(z) "is: " 3z € E, P(x) ".
2. Negation of the existential quantifie " 3z € E, P(z) "is: " Vo € E, P(x) ".

Exemple 1.11. 1. The negation of the proposition "Vx € R e* >0 "(true)
is: "JreR,e” <0 " (false).

2. The negation of the proposition " Iz € R,x 4+ 2 =3 "(true)
is : "Vr e Rz 42 # 3 "(false).

1.2 Types of Reasoning

In this section, we present the different types of mathematical reasoning.



1.2.1 Direct reasoning

To prove (P = ()) is true.
1. Assume that p is true.

2. Use p to show that ¢ must be true.

Exemple 1.12. Show that if n € N is even, then = n? is even.

— Assume that n s even, i.e., Ik € Z,n = 2k.
— Then
n? = 2(2k*) = n* = 2K

with k' = 2k®> € Z so k' € Z,n? = 2k',n? is even.

1.2.2 Reasoning by contrapositive

Reasoning by contrapositive is based on the following equivalence : (P :>7Q) < (Q = P).
So, to prove that (P = @) is true, it is enough to prove the contrapositive : (Q = P) directly :
we assume () is true and then show that P is true.

Exemple 1.13. Show that : if n? is odd, then = n is odd.
— Contrapositive : if n is even, then = n? is even.
— Easy to prove (see previous example) — so the original statement is true.

1.2.3 Proof by contradiction

To prove (P = @) by contradiction : assume P is true and (@ is false, and show that this
leads to a contradiction.

Exemple 1.14. Let a,b > 0. Show that : % = 2> = a =b.

+b — 1+a
Démonstration. Assume that : 145 = HLG and a # b.
then :
a(l+a)=0b(1+b) and a#b=a—b+a>—b>=0 and a#b
= (a—b)(a+b)=0 and a#b
= (a=0b) because (a+b) >0 and a#b
We get a contradiction. Then : %5 = Hia =a=0". [

1.2.4 Proof by Induction
To prove P(n) : Vn € N,n > ng, do the following : :

1. Prove P(ng) is true.

2. Assume P(n) is true for an arbitrary n > ng.

3. Using the hypothesis, prove P(n + 1) is true.
Then : by induction, P(n) holds for every n > ny.

1
Exemple 1.15. Show that : Vn € N*, 1 +2+ ... +n = ”(”2+ )

1. Form=1,P(1) is true 1 = %



n(n+1)

2. Assumethat:l—l—2+...+n:Tistrue.
1 2
3. Show that : 1+2+ ...+ (n+1) = (n+ )2(n+ )is true.
We have :
n(n+1)
142+...+n+(n+1)= 5 +(n+1)
_ (n+1)(n+2)
B 2
Thus P(n + 1) is true.
1
Then : by induction, Vn e N* 1 +2+ ... +n = @ 18 true.
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