Chap 1: Review-Part 2 Vector analysis

1.2.1. Scalar quantities and vector quantities &sdll pilall g dsalud) ypaliall
Physical quantities are divided into two groups:

- Scalar quantity such that; mass (m), time (t), energy (E), ....

- Vector quantity such as velocity (), force (F)....

1.2.2. Vectors 4x&y)

1.2.2.1. Definition: <y a3

A vector is a line segment AB, having an origin A and an end B. We denote it by AB, or by
a single letter: AB = V .characterized by:

- Its direction which is defined by that of the line which carries the segment

- Its sense which designates the orientation of the vector (from A towards B).

- Its magnitude (norm or intensity) which is equal to the length of the segment [AB], noted

|| 4B || which is always positive.

7 sense

1.2.2.2. Unit vector 3l glas N
direction
A vector is unitary when its magnitude is equal to unity (1).
If 2 is a unit vector carried by a vector V then: v
— — N N [_/)
V= ||V||u =2 U=
7] i

We also have ||z]| = 1 and % is always parallel to V(// V)
1.2.3. Vector Operations

Let V;, V5, V3, be three vectors, a, b and ¢ real numbers

1.2.3.1. The sum (addition) of the vectors 4xi¥) ae
The sum of two vectors V; and V, is  S=V, +V,

Graphically, we can find the resulting vector S by the

parallelogram rule.
The sum of nvectors: V;, Vy, Vs,... Vois S=V,+V, +Vs+ -V,

Properties: gal sl

* Commutativity (L) S =V, +V, =V, +V;

* Associativity (eaead): (V +V3) + V5 =V, + (V;, + V3).

* Distributivity (=) : (a+b). V;=a. V;+b.V; and a(Vi+V,)=a. V,+a.V,

* The sum of a vector V;and its opposite (- V;) is zero: V; + (=V;) = 0
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1.2.3.2. Vector subtraction 4«&¥) ¢k
The difference of two vectors 7{ and Vz’ is a vector D, with :

D=Ti-V; =V + (W) #V; -,
The difference of the vectors is non-commutative.
Graphically, we can find the resulting vector D by the parallelogram rule.

—

V, — >
V1
o (=V2)
D = Vl - V2
A

1.2.3.3. Components of a vector gl <l

To determine the components of a vector, it is necessary to choose a reference frame
(coordinate system) which is a set of non-collinear unit vectors called basis. We can then
decompose all the other vectors according to these unit vectors and this decomposition is
unique. We have three types of references frame:

a) Linear reference frame: (ba alza

It is composed of a single axis Ox, provided with a M(x)

-~

0
unit vector 7 positively oriented. The coordinate (x) of o= >

_ U J X
point M is defined by:  OM = xT Y
X

v

(x) is also called the component of the vector OM.

b) Planar (two-dimensional) orthogonal reference frame: (s iwa alza

It is composed of two orthogonal axes of the plane, OX and QY, provided with unit vectors
Tand j positively oriented.

The position of a point M is characterized by the vector OM: V=0M

Let x and y be the projections of M onto the OX and OY axes respectively,we have

- X = ||I7||cost9
V=xl+ y_’ =(* So { —

] (J’) y = ”V”s”le Y 4
V=xi+y]= ||l7||cos@?+ ||I7||sin9f1_i

Y M(x,y)

>V = ||I7||(cost9.i’+ sinf.7)) >V =|V|.4

u

i is the unit vector of the vector V

v

»
»—7

T X X

Q\q

U = cos6.T+ sinf.]
(x,y) is called the components of the vector V or the cartesian coordinates of the point M in
the plane (OXY)
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¢) An orthonormal reference in space: suadll & (wilaia dalaia alza

It is composed of three orthogonal axes, OX, OY and OZ, provided with unit vectors
7, and k positively oriented. The position of a point M in space is characterized by the

Vector analysis

vector V = OM. Let X , y and z be the projections of M onto the axes OX, OY and OZ,

X
respectively. So we have: V = x7+yj + zk = <y>

z AZ
|{x ||0M’|| cos6
. . Zz 0

43' | 0M’|| sing = ||0M’|| = ||[V||- sing
I 17 IM(X,y,Z)
L z=|V]lcosg .,

(x = ||V ||sing. coso ;r" i . , ‘
:4 y = ||V]||sine. sind = 7

LZ = [[V]lcose /N
. M’
V=|V|u

i is the unit vector of the vector V X

i = sing. cos0.1 + sing. sinb.] + cosp.k

(x,y,2) is called the components of the vector OM or the cartesian coordinates of the point

M in the orthonormal reference frame (OXYZ).
1.2.3.4. Magnitude (norm) of a vector gl 4l sk

The magnitude of a vector V= xl+yj + zk represents its length, it is given by the

following formula:  ||[V|| = /x2 +y2 +22=V.  ||V|| is always positive
1.2.4. Scalar (dot) product (el slaadl .
The dot product of two vectors V; and V, is V2
a scalar given by the following relation: 0
Vi

V1. V; = [Vl [Vz]]. cos6
Where 6 is the angle between the two vectors V;and V,
Properties
& V.V =|V||V| coso = v?
5 VT = [Tl [Tl cost = [T 5] cos(=6) = 7.7 = 7o
o VLV +V3) =V, +V1.V;
o (G +75)" = V2 + 1,2 + 2V, Vyc056
% If § =, their scalar product is zero: ViLV,=2V,.V,=0

® 10i=jj=kk=1

v

10
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s If we know the coordinates of two vectors in an orthonormal basis, the scalar product

will be expressed only in terms of the coordinates:

X1 X X1 Xy
V1 (}’1> and Vz <YZ> = Vl' V2 = <Y1> . <Yz> = X1X2 + V1Yo + Z1Zy
21 Z2 Z Z2

1.2.5. Projection of the vector: gl kiwa

The projection of the vector 72 onto VT is given by the following relation:
proj V,/V; = ||V2||.cost9

We can rewrite the previous relation in the form of a scalar product: 72

0.V, = |[ill.|[V2]| cosé = Iliill. proj V2/Vy

il is the unit vector of the vector V; = ||ii]| = ﬁ =1 )
1
= proj V, JV; = ——2 Vi

V1 proj V,/Vq
1.2.5.1. Vector projection of vector: gld hiwa glad

The vector projection of vector V, onto V; is a vector defined by:

%), = g i - B ) VBT
Vi V{ v i 7 V12

v (W)
proj W_T

1.2.5.2. Direction cosines
The direction cosines of the vector V = x7 + yJ + zk are the cosines of angles that the
vector V forms with the coordinate axes.

Let a, B and y be the angles that the vector Vmakes with the axes OX, OY and OZ.

Vx Z A

cosa = 7

Vil ~<

VJ] ~
COS = —
B |74
v,
COSy = —
Y=y

1.2.6. vector (cross) product =ddl saal)

The cross product of two vectors V; and V; is another veX rB perpendicular to the plane
which formed by two vectors, it’s direction is found by using the right-hand rule. The

vector product is defined by:
11
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P =ViAV; = |V4|. ||[V2]|. sin6. @ e
Where  is the unit vector perpendicular 4 v
u
to plane formed by V; and V. g
Vi
Properties
« The magnitude of P is given by :|| P|| = |[ViAVZ]| = ||V4]|- |V2]|- Isin6|
 The cross product is anticommutative: V; AV, = —(V,AV;)
 The cross product is distributive: V;A(V; + V3) = VAV, + VAV
* VN, =02V, // TV, f“\
@ IANT=JAj=kAk=0AndiAT=k jAk=1 kANi=] -
S
%+ The cross product can be calculated by the determinant method
X1 X1
based on the coordinates of 71 ()’1) and 72 (h):
Zq Zq
— — ? - -]_) E }71 Zl - xl Zl - xl yl 7
ViAVa=x, » Z1| = |y2 Zyl |x2 Zyl |xz J’2|'k
X2 Y2 )

V;/\Vz) = (Y122 - 213’2)-?— (x12, — Z1x2)-f+ (x1y2 - Y1X2)-E

1.2.6.1. Magnitude of the cross product Sl slaadl 4l gha

The magnitude of the cross product of two vectors represents the area of a parallelogram
y N

formed by these two vectors: ViV,

VAV ]| = (Vi |V Ising]

-

h=V,.|sinf] =S = hV, = |[V;AV

1.2.6.2. Triple product: <islaal glaall
The triple product of V;, V, and Vs is defined by the vector D or: 7

b=V A (7 AT;) = (V)W - ()T
1.2.6.2. Mixed product hbidal) ¢lasl)

The mixed product of three vectors V;, V, and V; is the scalar quantity defined by

X1 — V1 2z V2 Zy Xy Zy X2 )

—_— — —

V. (V2 AV3) = |%2 2 22| = Y3 Zg|' 1_|X3 Zs|' 1 |x3 J’3|'Zl
X3 4 Z3

V. (Vz)/\vs.) = (y2-23 — 72.¥3). %1 — (X2. 23 — Z2.x3). Y1 + (X2.¥3 — ¥2.%3). 21
Note :

12
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The value obtained from the mixed product
of the three vectors is equal to the volume of
the parallelepipedformed by these three vectors.

Properties:

V(2 AVs) =Vs. (Vi AV;) = V3. (Vs AT)

& V. (72) A 7;) = 0 =Either the three vectors are in the same plane or V;, || V5.
1.2.7. Moment of a vector glad ajs

1.2.7.1. Moment of a vector relative to a point 4kii ) 4uilly glad 2 e

The moment of a vector V;, which passes

through point A, relative to a point O is ﬂ v
. = fﬂi“—/ i
defined by the vector M such that: s | e ) _
o -
Mo = 0ANV] \;0

1.2.7.2. Moment of a vector relative to an axis
54 ) Ay pladi 0 30

The moment of a vectoer), which passes through point A, relative to an axis(4) is given
by the scalar product M such that:
My = Mz = (0ANVL). 05

u,. the unit vector of the axis (A).
1.2.8. Vector derivatives
Let a vector V (vector function)depend on tim e (t): V() = x() + y(©)] + z(H)k

dv dx%_l_ dy%+ dz -

dt dt' T de T ae
1.2.8.1. Properties

Consider two vector functions A(t) and B(t ) and f(t) a scalar function:
d ~ , 7\ _ dA  dB
° @ (A + B) =3 + I
d o> _ df dA
° a(fA) = a-*—fa
d ~>=\_ dA 5  ——dB
o E(AB) = E'B +A'E
d 2,3\ _dA ,=  —>dB
o —(AAB)=—AB+AA—
1.2.8.2. Vector analysis staddl Jalail)

a) “Nabla” operator 3 jisall
The nabla operator ¥ is a vector guantity written in cartesian coordinates:

13
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7= 2ie 20 O
“ox oy Tz

b) “Gradient” operator gl fise

Let f(x, y, z) be a scalar function. Gradient of f is given by the following vector:

df—Vf—(af)w(af)w(af)E
gradi=vi= (')x1 6y] 0z

c) “Divergence” operator sLall jia

Letithe V =V, 7+ i+ k a vector function. We define divV as follows:

aivy = 5.9 = D Dy OV
Y=Y T dy 0z
d) “Curl” operator ¢)s Jisa
Letitbe V = Vi + V,j + V;k a vector function. We define rot (V) as follows:

e = = [0V, 3V oV, Vv, vy 9V,
r“W)—VAV—<5;‘5i% (az‘zzﬁ*(ﬁ;‘syki

e) “Laplacian” operator sty iz
- Laplacian of a scalar function is defined by the following relation:
62f (’)Zf 0°f
ay 022
- Laplacian of a vector function is given by the following relation:

L az . 62V A aZVZ
Vz (V) v. V(V) - a 2 ] 072 k

V2.(f) = V.V() =

14
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Exercises

B— —

Exercise 1

Let the vectors in space be V, = 27— + 3k and V, = —7 + J + 2k represented in the
frame R(0,1,7, k)

-Calculate the angle between the two vectors 7{ and 7£

Exercise 2

Let the vectors in space be represented in an orthonormal coordinate system R (0XYZ),
V,=21-3/+Kand V, =T+ 2+ K

1. Represent these vectors in the reference R(0XYZ).

2. Calculate R = V; + V; and the modules: ||Vy]|, ||Vz]] -

3. Calculate the scalar product of V;and V, and deduce the angle between them.

4. Determine the unit vector carried by the vector 72 Deduce the direction cosines of 72

Exercise 3

Let the vectors in space be represented in an orthonormal coordinate system R (0XYZ),

V,=T+j+kandV, =20+ —k

-Calculate the projection and the vector projection of the vector V, onto the vector V;.

Exercise 4

Consider the points A(1,0,-1), B(-1,2,1), C(2,1,3) and D(0,1,0) in the frame (OXY2Z2).

1- Determine the components and magnitudes of the vectors AB , AC and AD.

2- Determine the projection and the vector projection of AB on AC.

3- Calculate the surface (area) of triangle ABC and the volume constituted by AB, AC and
AD.

Exercise 5

In the frame R(0,1,J, E) we give the sliding vector V =7+ 27+ 3k and which passes
through the point A(3, 4, 2).

1. Calculate the moment of the vector V relative to the origin O, then relative to the axes
OXand OY.

2. Calculate the moment of vector V relative to point B (3, 6, 0)
3. Consider the (A) axis of unit vector # (-1/72, 1/2, 1/2) and passing through B, calculate

the moment of V relative to (A).

15
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‘ Solution

Exercise 1
v =N _ "
We have V,.V, = ||V1|| ||V2||.cost9 = cosf = AN

2\ /-1
VI.VZ’=<—1>< 1>=2.(—1)+(—1).1+3.(2)=—2—1+6=3
3/\2

Vil = V2 +y2+ 22 =22 + (-1)2+32=Va+ 1+ 9 =14
Vol = Va2 + 322 + 2.2 = (12 + 12+ 22 =Vi+1+4 =6
V.V, 3
7l vl vidve

0.32

cosO =

=60 =71.33

Exercise 2

1. Represent V;and V, in the reference R(0XYZ).

v

2R=V+V,=(=-3|+| 2 |=|-1|=7—-7+2K
1 1 2

R=1-7+2K
Vil = VX2 + yi2 + 22 = 22+ (=3)2+ 12 =V4 + 9 + 1 = V14

|Vl = V14
Vol = Va2 + 92 + 2,2 = (=12 + 22+ 12 =V1+ 4+ 1 =6
V2]l = V6

16
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2\ /-1
3.We have V..V, = (-3)( 2 ) =2(-D+(-3)2+1(1)=-2-6+1=-7

1 1
ViV, =—7
_— = —_— —_— V)-V)
Vi Vo = ||Vi]|-|[V2]|- cos@ = coso = — 2
AN A
05 = —— = —0.76
VT4V6
0 =139.79°
3. unit vector carried by the vector Vj:
Vv, = Vs Gome 2 il 2o 1g
S A IR G
TPt S SR
U =—7=Il+—=J+—=
>~ V6 Ve V6
- The direction cosines of V, are the components of unit vector carried by the vector v,
-1
cosa = —
V6
L= i+ 2i+LF T+ cosB.j + R = cosp = —
Uy = —=1 - — K = CoSsa.l coSp. coSYy. coSp = —=
1
CoSy = —
(Y= 6
Exercise 3

1) The projection of the vector V, onto the vector V; :

nn
pro.] VZ/V) - V1
1

1\ / 2
71.72=<1><1)=1.2+1.1+1.(—1)=2+1—1=2

1/ \—1
V1=\/x12+y12+212=\/22+12+12=\/€
W, 2
ol =T
Toj v, = 2
p ]VZW \/g

2) the vector projection of the vector 7; onto the vector 71’ :

. .(nr)

projy; / ==z
Vl’ 1

V2=6

17
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. ()

1 -
=>projy, =—=.——=-==(21+]—k)
% V6 V6 3
., 1, . =
pr0]7;/ﬁ=§(21+]—k)
Vi
Exercise 4

1. The components and magnitudes of the vectors AB, AC and AD
__, /XB—XA _ 4/ -1-1 (-2 —
AB (yB—yA> =>AB< 2-0 ) =>AB< ) =214+ 27+ 2k

2
ZB—Z/ 1-(-1) 2

AB = =21+ 27+ 2k

|4B|| = J(=2)2+ 22+ 22 =Vad+ 4+ 4=V12 =23
45| = 23

Xc™XA Erd 2-1 — 1 > > -
yc—yA) :>AC( 1-0 ):AC(1> =1+ J+4k

Zc—Zg 3—(—1)

AC

8l

|AC|| = V12 + 12 + 42 = V18 = 3V2

[acl = sv2

1 - - 1
)=—1+]+k

— (*D™XA Y 0-1 Y
AD <yD—yA> = A ( 1-0 ) = 4D (

Zp—ZA 0—(—1)

[N

—

AD = —i+ j+Kk

|4D|| = V12 +12+12=+3

14D]| = v3
2. The projection and the vector projection of AB on AC:
a) The projection of AB on AC

_ AB.AC
N V]
-2\ /1
E.Zﬁ=<2)<1>=—2+2+8=8
2/ \4
AB.AC 8

S T e

. 8
proj E/R = —3\/2

b) The vector projection of AB on AC:

18
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4c.(4B. AC)

PTOJz5/a¢ = P70 75/ac -Uac = ———3
|AC]l
i+ +4k) 4
=>pT0]AB/AC % ( +]+4k)

PTO0J 45 /ac = 5(?+f+ 4k)

3. The surface ( area) Sasc of triangle ABC:

= |[ABAZC]
T -]k
ABANAC = |2 2 2
1 1 4

ABANAC = (8—2)T— (—8—2)]+ (-2 —2)k

ABAAC = 6.7+ 10.]7— 4.k

|AB A AC|| = /62 + 102 + (=4)% = V152

S
Sapc = 2= \/_ (su)
e the volume constituted by AB , AC and AD:
-1 -1 1
AD(AB AAC) = |- 2 2|=0
1 1 4

V=0, either the 3 vectors are in the same plane

Exercise 5

V =17+ 27+ 3k which passes through the point A(3, 4, 2).
1. The moment of the vector ¥ relative to the origin O
My, = 0ANT

Xa — Xo 3—-0 3
0A|Ya—Yo |>04(4—-0|=>04(4
Zy — Zg 2—0 2
. I A S
M7/0=0A/\V= 3 4 2
1 3

2
My =(43-22).7-(33-21).7+ (32 —-41).k

My =81-7] +2.k

s Moment of V/ relative to OX:
8 1

M om =Mz, 0=[7].10|=8
v/(0x) — V/O 2 0

s Moment of V relative to OY:

ABMNAC

»

19
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@
or o
I
o

M3 10y) = Mijod = Z

2) Moment of vector V relative to point B (3, 6, 0)

X4 — Xp 3—-3 0
BA(Ya—Ys |=>BA|4—6 |=BA| -2
Zp — Zp 2—0 2
My =BANV =|o —2 2 |[=(10).T+2.7+2.k
1 2 3

Myp=—10.T+ 2.7+ 2.k
3) Moment of V relative to A):

—-10 —1/\/2 10
Moy =Mz, 0= 2 172 |==+1+1
V/() V/B* 2 : 1/2 \/7
—, 10
My =—=+2
V/(A) V2

20



