SIGNAL PROCESSING & FILTER
DESIGN



Lecture 1 - Intr oduction

1.1 Intr oduction

Signalprocessings the treatmenf signals(information-bearingvaveformsor
data)so asto extract the wantedinformation, removing unwantedsignalsand
noise.Thetwo applicationgmentionedoelov arefamiliarto me,but | couldhave
equallywell choserapplicationsasdiverseasthe analysisof seismicwaveforms
or therecordingof moving rotor bladepressureandheattransferrates.

1.1.1 Examplesof Signal ProcessingApplications
Processingof speechsignals

Up to now, human—machineommunicatiorhasbeenalmostentirely by means
of keyboardsandscreensbut therearesubstantiatisadwantagesn this approach
for mary applications. The humanspeechperceptionand productionprocesses
areso comple that very complicatedsignal processingalgorithmsare required
even to solve simple problemssuchasthe recognitionof single words spolen
by onespealer. Thelist below includessomeof the main applicationsof signal
processingo speech:

e Speecthstorageandtransmissior(in orderto minimisebandwidth,a setof
parameterslescribingthe speechproductionprocesss sentratherthanthe
speectwaveformitself.

e Speechenhancemenffor example,improving the intelligibility of speech
in avery noisyervironment).

e Speectsynthesige.g.voiceoutputfrom acomputer).

e Speechrecognition(e.g.voiceinputinto acomputer).
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e Spealkr verificationandidentification.

Processingof Biomedical Signals

The body generates multitude of bio-electricsignals. Well known (and well
analysed)ksignalsare, for example,the electricalactvity of the brain (the elec-
troencephal ogram or EEG)andtheelectricalactiity of the heart(the electrocar-
diogram or ECG). Both of thesesignalsare small (the EEGis of orderuV and
the ECG or ordermV) andareoftenheavily corruptedby artifactsfrom the sub-
ject’s breathingandbody movementsaswell aselectricalartifactssuchas50Hz
noise. Signalprocessings a valuableassein clinical andresearchmedicinefor
detectiomandanalysisaswell asfor theremoval of artifacts.Figurel.1shavsan
exampleof a sectionof EEG.
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Figurel.l: Atypical section of EEG signal. Thelarge positive spikes are artifacts
caused by eye movements.



1.1.2 Analoguevs. Digital Signal Processing

Most of the signalprocessingechniquesnentionedabore could be usedto pro-
cessthe original analogugcontinuous-timeyignalsor their digital version(the
signalsare sampledin orderto cornvert themto sequence®f numbers). For
example,the earliesttype of “voice coder” developedwasthe channel vocoder
which consistanainly of abankof band-paséilters. More recentversionsof this
vocoderusedigital (ratherthananaloguefiltering, althoughthis doesnot result
directlyin ary improvementn performancehowever, oneadwantageof the digi-
talimplementations thatit canbe“re-configured’asanothetypeof vocoder(for
example,thelinear prediction vocoder); it is alsomucheasierto encryptdigital
ratherthananaloguealata for applicationsvherecommunicatiormustremainse-
cure. Thetrendis, therefore towardsdigital signalprocessingystemsgventhe
well-establishedadiorecever hascomeunderthreat. The othergreatadvantage
of digital signalprocessindiesin the easewith which non-linear processingnay
beperformed Almostall recentdevelopmentsn modernsignalprocessingrein
thedigital domain.This lecturecourseconcentratesn the basicsghough.

It is, however, importantnot to negglectanaloguesignal processingandsome
of thereasongor this shouldbecomeclearduringthe course Onamorepractical
point,youwill have notedthatfilters arethe maintopic of this course andathor-
oughgroundingn thedesignof analogudiltersis apre-requisitéo understanding
muchof theunderlyingtheoryof digital filtering.

1.1.3 Summary/Revision of basicdefinitions

1.1.4 Linear Systems

A linearsystemmay be definedasonewhich obeys the Principle of Supermposi-
tion. If z;(¢) andxs(t) areinputsto alinear systemwhich givesrise to outputs
y1(t) andys(t) respectiely, thenthecombinednputaz, (t) + bz (t) will giverise
to anoutputay: (t) + bys(t), wherea andb arearbitraryconstants.

Notes

e If we representan input signal by somesupportin a frequeng domain,
Fin (i.e. the setof frequenciepresenin theinput) thenno new frequeng
supportwill berequiredto modeltheoutput,i.e.

fout g jrm
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e Linearsystemsanbebrokendown into simplersub-systems/hich canbe
re-arrangedh ary order i.e.

T—>01 ——" =T —>02 "0 =T — 012

1.1.5 Time Invariance

A time-invariantsystemis one whosepropertiesdo not vary with time (i.e. the
input signalsare treatedthe sameway regardlessof their time of arrival); for
example,with discretesystems,f aninput sequencer(n) producesan output
sequencg(n), thentheinputsequence(n—n,) will produceheoutputsequence
y(n — n,) for all n,.

1.1.6 Linear Time-Invariant (LTI) Systems

Most of thelecturecoursewill focusonthe designandanalysisof systemswhich
are both linear and time-invariant. The basiclinear time-invariantoperationis
“filtering” in its widestsense.

1.1.7 Causality

In a causal(or realisable)system,the presentoutputsignal dependsonly upon
presentandpreviousvaluesof theinput. (Althoughall practicalengineeringys-
temsare necessarilycausalthereare several importantsystemswvhich arenon-
causalnon-realisable).g.theidealdigital differentiator)

1.1.8 Stability

A stablesystem(over afinite internval 7°) is onewhich produces boundedutput
in responséo aboundednput (overT).

1.2 Linear Processes

Someof the commonsignal processingunctionsare amplification(or attenua-
tion), mixing (the additionof two or more signalwaveforms)or un-mixing* and

1This linear unmixing turnsout to be oneof the mostinterestingcurrenttopicsin signalpro-
cessing.



filtering. Eachof thesecanberepresentetly alineartime-invariant“block” with
aninput-outputcharacteristievhich canbe definedby:

e Theimpulse response ¢(t) in thetime domain.

e Thetransfer function in a frequency domain. We will seethatthe choiceof
frequeny basismaybe subtlydifferentfrom time to time.

As we will see,thereis (for the systemswve examinein this course)anin-
vertable mappingbetweerthetime andfrequeny domainrepresentations.

1.3 Time-Domain Analysis— convolution

Convolution allows the evaluationof the outputsignalfrom a LTI system given
its impul se response andinput signal.

Theinput signalcanbe consideregsbeingcomposeaf a successiomf im-
pulsefunctions,eachof which generates weightedversionof the impulsere-
sponsattheoutput,asshavnin 1.2.
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Figurel.2: Convolution as a summation over shifted impul se responses.



The outputat time ¢, y(t), is obtainedsimply by addingthe effect of each
separatempulsefunction— this givesriseto the convolution integral:

0

y(t) = Y (alt - )drg(r) =3 [ a(t - r)g(r)dr

7 is adummyvariablewhich representime measuredback into the past”from
theinstantt atwhich the outputy(¢) is to becalculated.

1.3.1 Notes

e Corvolutionis commutatve. Thus:
y(t)is also/ z(7)g(t — 7)dr
0

e Fordiscretesystemsorvolutionis asummatioroperation:

yln] =) alklgln — k] =) zln — klg[k]

¢ Relationship betweencornvolution and correlation The generalform of
thecorvolutionintegral

10 = [ atr)gle = yir

—0o0

is very similar® to thatof the cross-correlatioffunctionrelating2 variables
x(t) andy(t)

Ryy(1) = /_oo z(t) - y(t — 7)dt

o0

Convolution is henceanintegral over lags at a fixed time whereascorrela-
tion is theintegral overtime for afixedlag.

°Notethatthelower limit of theintegral canbe —oo or 0. Why?



e Step responseThe stepfunction is the time integral of an impulse. As
integration(anddifferentiation)arelinear operationssotheorderof appli-
cationin a LTI systemdoesnot matter:

i(t) — / dt — ¢(t) — stepresponse
o(t) — g(t) — / dt — stepresponse

1.4 Frequency-DomainAnalysis

LTI systemspy definition, may be representedin the continuouscase)by lin-
ear differential equations(in the discretecaseby linear difference equations).
Considerthe applicationof the linear differential operatoy D, to the function

f(t) = e
Df(t) = sf(t)

An equationof this form meanghat f(¢) is the eigenfunction of D. Justlike the
eigenanalysisyou know from matrix theory this meanghat f(¢) andary linear
operatioron f(t) mayberepresentedsingasetof functionsof exponentiaform,
andthatthis functionmaybechoserto beorthogonal. This naturallygivesriseto
theuseof the Laplace andFourier representations.

e The Laplacetransform:
X (s) — TransferfunctionG(s) — Y(s)

where,

X(s) = / z(t)e *tdt Laplacetransformof z(t)
0

Y(s) = G(s)X(s)
whereG(s) canbe expresseasa pole-zero representationf theform:
A(s—2z1)...(8— 2zm)
(s—=p1)(s—p2)---(s—pn)

(NB: The inversetransformationje. obtainingy(¢) from Y (s), is nota
straightforvardmathematicabperation.)

G(s) =
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The Fourier transform:
X (jw) — Frequenyg responsér (jw)Y (jw)

where,

X(jw) = / z(t)e”’“'dt  Fouriertransformof z(t)

—0oQ

and
Y (jw) = G(jw) X (jw)

Theoutputtimefunctioncanbeobtainedy takingtheinverseFouriertrans-
form:

y(t) = iﬁ /_00 Y (jw)e* dw

oo

1.4.1 Relationship betweentime & frequencydomains

Theorem
If g(¢) is theimpulse response of anLTI systemG/(jw), the Fouriertransformof
g(t), is thefrequency response of the system.

Proof
Consideraninput z(t) = Acoswt to anLTI system. Let ¢g(¢) be the impulse
responsewith a FouriertransformG (jw).

Usingconvolution, theoutputy(¢) is givenby:

y(t) = /000 Acosw(t —1)g(T)dr

A [ A :
= 5/ e/ g(r)dr + 5/ e 1t g(7)dr
0

A o0 . A . oo ,
— _e]wt/ g(T)e_JWTdT—f- Ee—jwt/ g(T)eijdT

2 - oo
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(lower limit of integrationcanbe changedrom 0 to —oo sinceg(r) = 0 for
t < 0)

- g{ej“’tG(jw) + e 7' G(—jw)}

LetG(jw) =Ce’?  ie.C =|G(jw)|, ¢=arg{G(jw)}

A . .
Theny(t) = 70{67(‘"”“5) + e—J(wt+¢)} = C'Acos(wt + ¢)

i.e. aninputsinusoidhasits amplitudescaledy |G (jw)| andits phasechanged
by ag{G(jw)}, whereG(jw) is the Fourier transformof the impulseresponse

g9(1).

Theorem
Cornvolution in the time domainis equialentto multiplicationin the frequeng
domaini.e.

y(t) = g(t) x z(t) = FH{Y (jw) = G(jw) X (jw)}
and

y(t) = g(t) x 2(t) = L7H{Y(s) = G(5)X (5)}

Proof
Considetthe generaintegral (Laplacetransformof a shiftedfunction:

L=} = [re=meta
= e L{f()}
Now considerthe Laplacetransformof the corvolutionintegral

LLF(0) * g(0)]}) = / f(t — 7)g(r)dre *tdt

- / g(r)e=mdrL{f ()}
= C{o}IL{f ()}

By allowing s — jw we prove theresultfor the Fouriertransformaswell.
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