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Lecture1 - Intr oduction

1.1 Intr oduction

Signalprocessingis the treatmentof signals(information-bearingwaveformsor
data)so as to extract the wantedinformation, removing unwantedsignalsand
noise.Thetwo applicationsmentionedbelow arefamiliar to me,but I couldhave
equallywell chosenapplicationsasdiverseastheanalysisof seismicwaveforms
or therecordingof moving rotorbladepressuresandheattransferrates.

1.1.1 Examplesof SignalProcessingApplications

Processingof speechsignals

Up to now, human–machinecommunicationhasbeenalmostentirely by means
of keyboardsandscreens,but therearesubstantialdisadvantagesin thisapproach
for many applications.The humanspeechperceptionandproductionprocesses
areso complex that very complicatedsignalprocessingalgorithmsarerequired
even to solve simple problemssuchas the recognitionof singlewordsspoken
by onespeaker. The list below includessomeof themainapplicationsof signal
processingto speech:� Speechstorageandtransmission(in orderto minimisebandwidth,a setof

parametersdescribingthespeechproductionprocessis sentratherthanthe
speechwaveformitself.� Speechenhancement(for example,improving the intelligibility of speech
in averynoisyenvironment).� Speechsynthesis(e.g.voiceoutputfrom acomputer).� Speechrecognition(e.g.voiceinput into acomputer).
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� Speakerverificationandidentification.

Processingof BiomedicalSignals

The body generatesa multitudeof bio-electricsignals. Well known (andwell
analysed)signalsare, for example,the electricalactivity of the brain (the elec-
troencephalogram or EEG)andtheelectricalactivity of theheart(theelectrocar-
diogram or ECG).Both of thesesignalsaresmall (the EEGis of order � V and
theECGor ordermV) andareoftenheavily corruptedby artifactsfrom thesub-
ject’s breathingandbodymovementsaswell aselectricalartifactssuchas50Hz
noise.Signalprocessingis a valuableassetin clinical andresearchmedicinefor
detectionandanalysisaswell asfor theremoval of artifacts.Figure1.1showsan
exampleof asectionof EEG.

1s
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Figure1.1: A typical section of EEG signal. The large positive spikes are artifacts
caused by eye movements.
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1.1.2 Analoguevs. Digital SignalProcessing

Most of thesignalprocessingtechniquesmentionedabove couldbeusedto pro-
cessthe original analogue(continuous-time)signalsor their digital version(the
signalsare sampledin order to convert them to sequencesof numbers). For
example,the earliesttype of “voice coder” developedwasthe channel vocoder
whichconsistsmainlyof abankof band-passfilters. More recentversionsof this
vocoderusedigital (ratherthananalogue)filtering, althoughthis doesnot result
directly in any improvementin performance;however, oneadvantageof thedigi-
tal implementationis thatit canbe“re-configured”asanothertypeof vocoder(for
example,the linear prediction vocoder); it is alsomucheasierto encryptdigital
ratherthananaloguedata,for applicationswherecommunicationmustremainse-
cure. Thetrendis, therefore,towardsdigital signalprocessingsystems;eventhe
well-establishedradioreceiver hascomeunderthreat.Theothergreatadvantage
of digital signalprocessinglies in theeasewith whichnon-linear processingmay
beperformed.Almostall recentdevelopmentsin modernsignalprocessingarein
thedigital domain.This lecturecourseconcentrateson thebasicsthough.

It is, however, importantnot to neglectanaloguesignalprocessingandsome
of thereasonsfor thisshouldbecomeclearduringthecourse.Onamorepractical
point,youwill havenotedthatfiltersarethemaintopicof thiscourse,anda thor-
oughgroundingin thedesignof analoguefiltersis apre-requisiteto understanding
muchof theunderlyingtheoryof digital filtering.

1.1.3 Summary/Revision of basicdefinitions

1.1.4 Linear Systems

A linearsystemmaybedefinedasonewhich obeys thePrinciple of Superposi-
tion. If �������
	 and ���
���
	 areinputsto a linearsystemwhich givesrise to outputs� �����
	 and � �����
	 respectively, thenthecombinedinput ���������
	��������
���
	 will giverise
to anoutput � � �����
	���� � �
���
	 , where� and � arearbitraryconstants.

Notes� If we representan input signal by somesupportin a frequency domain,�����
(i.e. thesetof frequenciespresentin theinput) thenno new frequency

supportwill berequiredto modeltheoutput,i.e.�! #"%$'&(�����
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� Linearsystemscanbebrokendown into simplersub-systemswhichcanbe
re-arrangedin any order, i.e.�*),+ -.�/),+ -0�213�*)4+ -0�!)4+5-6�713�*),+8-6�:9 �

1.1.5 Time Invariance

A time-invariantsystemis onewhosepropertiesdo not vary with time (i.e. the
input signalsare treatedthe sameway regardlessof their time of arrival); for
example,with discretesystems,if an input sequence�;��<�	 producesan output
sequence� �=<�	 , thentheinputsequence�;�=<7)><  	 will producetheoutputsequence� �=<?)@<  	 for all <  .
1.1.6 Linear Time-Invariant (LTI) Systems

Mostof thelecturecoursewill focuson thedesignandanalysisof systemswhich
areboth linear and time-invariant. The basiclinear time-invariantoperationis
“filtering” in its widestsense.

1.1.7 Causality

In a causal(or realisable)system,the presentoutputsignaldependsonly upon
presentandpreviousvaluesof theinput. (Althoughall practicalengineeringsys-
temsarenecessarilycausal,thereareseveral importantsystemswhich arenon-
causal(non-realisable),e.g.theidealdigital differentiator.)

1.1.8 Stability

A stablesystem(overafinite interval A ) is onewhichproducesaboundedoutput
in responseto aboundedinput (over A ).

1.2 Linear Processes

Someof the commonsignalprocessingfunctionsareamplification(or attenua-
tion), mixing (theadditionof two or moresignalwaveforms)or un-mixing1 and

1This linearunmixing turnsout to beoneof themostinterestingcurrenttopicsin signalpro-
cessing.
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filtering. Eachof thesecanberepresentedby a lineartime-invariant“block” with
aninput-outputcharacteristicwhichcanbedefinedby:� Theimpulse response -B���
	 in thetime domain.� Thetransfer function in a frequency domain. Wewill seethatthechoiceof

frequency basismaybesubtlydifferentfrom time to time.

As we will see,thereis (for the systemswe examinein this course)an in-
vertable mappingbetweenthetimeandfrequency domainrepresentations.

1.3 Time-DomainAnalysis– convolution

Convolution allows theevaluationof theoutputsignalfrom a LTI system,given
its impulse response andinputsignal.

Theinput signalcanbeconsideredasbeingcomposedof a successionof im-
pulsefunctions,eachof which generatesa weightedversionof the impulsere-
sponseat theoutput,asshown in 1.2.
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Figure1.2: Convolution as a summation over shifted impulse responses.
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The outputat time � , � ���
	 , is obtainedsimply by addingthe effect of each
separateimpulsefunction– thisgivesriseto theconvolution integral:� ���
	7CED�FHG��;���I)KJ�	
L�J,M�-���J�	IN F%OQP),+ R(SP �;���')TJ�	:-B��J�	UL�JJ is a dummyvariablewhich representstime measured“back into thepast”from
theinstant� atwhich theoutput � ���
	 is to becalculated.

1.3.1 Notes� Convolution is commutative.Thus:� ���
	 is also RVSP �;��J�	:-����')WJX	
L�J� For discretesystemsconvolution is asummationoperation:�BY <4Z4C SD [�\ P � Y^] Z_- Y <�) ] Z,C SD [�\ P � Y <�) ] Z_- Y^] Z� Relationship betweenconvolution and correlation The generalform of
theconvolution integral̀ ���
	7CERVSa S �;��J�	:-����I)TJX	
L�J
is very similar2 to thatof thecross-correlationfunctionrelating2 variables�;���
	 and � ���
	 b!c�d ��JX	eCfR Sa S �;���
	Ig � ���h)WJ�	
L��
Convolution is henceanintegral over lags at a fixed time whereascorrela-
tion is theintegralover time for afixedlag.

2Notethatthelower limit of theintegral canbe i;j or 0. Why?
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� Step responseThe stepfunction is the time integral of an impulse. As
integration(anddifferentiation)arelinear operations,sotheorderof appli-
cationin a LTI systemdoesnot matter:k ���
	l),+ RmL��2)B+8-B���
	2),+ stepresponsek ���
	l),+8-����
	2),+ RnL��l),+ stepresponse

1.4 Frequency-DomainAnalysis

LTI systems,by definition, may be represented(in the continuouscase)by lin-
ear differential equations(in the discretecaseby linear difference equations).
Considerthe applicationof the linear differential operator, o , to the function

` ���
	7CEp�q $ : o ` ���
	7CEr ` ���
	
An equationof this form meansthat

` ���
	 is theeigenfunction of o . Justlike the
eigenanalysisyou know from matrix theory, this meansthat

` ���
	 andany linear
operationon

` ���
	 mayberepresentedusingasetof functionsof exponentialform,
andthatthis functionmaybechosento beorthogonal. Thisnaturallygivesriseto
theuseof theLaplace andFourier representations.� The Laplacetransform:s �#rt	2),+ Transferfunction uv�#rt	l),+ wx�#rt	

where, s �yrt	zC R(SP �;���
	
p a q $ L�� Laplacetransformof �;���
	w{�yrt	7CEux�yrt	 s �yr
	
whereux�yrt	 canbeexpressedasa pole-zero representationof theform:uv�#rt	eC | �#r})H~0��	B�������#r!)W~��Q	�yr�)*�B�
	��#r})*�X�%	B�������#r})�� � 	
(NB: The inversetransformation,ie. obtaining � ���
	 from w?�#rt	 , is not a
straightforwardmathematicaloperation.)
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� The Fourier transform:s �����2	/),+ Frequency responseuv�����2	
wv�����2	
where, s �_���2	'CfRVSa S �;���
	
p a0�:�

$ L�� Fouriertransformof �;���
	
and wx�����2	7C3uv�����2	 s �����2	
Theoutputtimefunctioncanbeobtainedby takingtheinverseFouriertrans-
form: � ���
	IC ��
� R Sa S wx�����2	
p �:�

$ L��
1.4.1 Relationshipbetweentime & fr equencydomains

Theorem
If -B���
	 is the impulse response of anLTI system,uv�����2	 , theFouriertransformof-B���
	 , is thefrequency response of thesystem.

Proof
Consideran input �;���
	�C |������ �e� to an LTI system. Let -B���
	 be the impulse
response,with aFouriertransformux�_���2	 .

Usingconvolution,theoutput � ���
	 is givenby:

� ���
	7C R(SP |������ �>���;)TJ�	:-B��J�	UL�J
C�| � R(SP p ���.� $ a F%� -B��J�	
L�J���| � RVSP p a0�:�.� $ a F%� -B��JX	
L�J
C | � p ��� $ R Sa S -B��J�	
p a0�:�

F L�J�� | � p a0��� $ R Sa S -B��JX	
p �:�
F N F
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(lower limit of integrationcanbechangedfrom � to )�� since -���J�	!C�� for�2�(� )
C | � G
p �:� $ ux�_���2	B��p a0��� $ uv�U)/���2	%M

Let uv�����2	7C���p �U  ie. ��C�¡¢uv�����2	t¡¤£ ¥{CE��¦
-�G
uv�����2	%M
Then � ���
	7C | �� G
p ���§� $_¨   � ��p a0���§� $_¨   � M�CE� |������ ���e�B�V¥,	

i.e. aninputsinusoidhasitsamplitudescaledby ¡¢uv�����2	t¡ anditsphasechanged
by arg G
uv�����2	�M , where ux�_���2	 is the Fourier transformof the impulseresponse-B���
	 .
Theorem
Convolution in the time domainis equivalentto multiplication in the frequency
domaini.e. � ���
	7C©-����
	hª2�;���
	e1 � a � G
wx�����2	7CEuv�����2	 s �����2	%M
and � ���
	7C«-B���
	hª/�;���
	e1E¬ a � G
wx�#rt	eC3uv�#rt	 s �#rt	%M
Proof
Considerthegeneralintegral (Laplace)transformof ashiftedfunction:¬!G ` ���h)WJ�	�M C R $ ` ���I)TJX	
p a q $ L��C p a q F ¬>G ` ���
	%M
Now considertheLaplacetransformof theconvolution integral¬!G ` ���
	­ª/-B���
	�M C R $ R F ` ���')WJX	�-B��JX	
L�JXp a q $ L��C R F -B��JX	
p a q F L�J®¬!G ` ���
	�MC ¬>G�-B���
	%Mt¬>G ` ���
	%M
By allowing r�+¯��� weprove theresultfor theFouriertransformaswell.

10


