
Lecture2 - FrequencySelective
Filters

2.1 Applications

Low-pass : to extractshort-termaverageor to eliminatehigh-frequency fluctua-
tions(eg. noisefiltering, demodulation,etc.)

High-pass : to follow small-amplitudehigh-frequency perturbationsin presence
of muchlargerslowly-varyingcomponent(e.g.recordingtheelectrocardio-
gramin thepresenceof astrongbreathingsignal)

Band-pass : to selecta requiredmodulatedcarrierfrequency out of many (e.g.
radio)

Band-stop : to eliminatesingle-frequency (e.g.mains)interference(alsoknown
asnotchfiltering)

2.2 Designof AnalogueFilters

We will startwith ananalysisof analoguelow-passfilters,sincea low-passfilter
canbemathematicallytransformedinto any otherstandardtype.

Designof afilter maystartfrom considerationof

� Thedesiredfrequency response.

� Thedesiredphaseresponse.
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Figure2.1: Standard filters.

Themajority of the time we will considerthe first case.Considersomedesired
response,in thegeneralform of the(squared)magnitudeof thetransferfunction,
i.e.

�������	�	� 

. This responseis givenas�������	�	� 
�� �
�������������	�

where � denotescomplex conjugation.If
�
�����

representsa stablefilter (its poles
areon theLHS of thes-plane)then

� � ���	�
is unstable(asits poleswill beon the

RHS).
Thedesignprocedureconsiststhenof� Consideringsomedesiredresponse

� �
���	�	� 

asapolynomialin evenpowers

of
�
.

� Designingthefilter with thestablepartof
�
���	����� � �����

.

This meansthat,for any givenfilter responsein thepositive frequency domain,a
mirror imageexistsin thenegativefrequency domain.

2.2.1 Ideal low-passfilter

Any frequency-selective filter maybedescribedeitherby its frequency response
(morecommon)or by its impulseresponse.Thenarrowerthebandof frequencies
transmittedbyafilter, themoreextendedin timeis its impulseresponsewaveform.
Indeed,if thesupportin the frequency domainis decreasedby a factorof � (i.e.
madenarrower) thenthe requiredsupportin the time domainis increasedby a
factorof � (youshouldbeableto prove this).
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Consideran ideal low-passfilter with a “brick wall” amplitudecut-off andno
phaseshift, asshown in Fig. 2.2.
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0
Figure 2.2: The ideal low-passfilter. Note the requirementof responsein the
negativefrequencydomain.

Calculatethe impulseresponseas the inverseFourier transformof the fre-
quency response:

� ����� � ����  "!# ! �
�%$'&���(�)+*�,.-'& � ����  *�/# * / �10 (�)+*�,.-'& � ���� $2� �3(�)+* / ,546( # )+* / ,��
hence,

� ����� � &87� ��9�:<; &87��&87=� �
Figure2.3shows theimpulseresponsefor thefilter (this is alsoreferredto asthe
filter kernel).

The outputstartsinfinitely long beforethe impulseoccurs– i.e. the filter is
not realisablein real time.
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Figure2.3: Impulseresponse(filter kernel)for theILPF. Thezero crossingsoccur
at integer multiplesof

�?> &87
.

A delayof time @ suchthat

� �.��� � &87� 9�:<; &87��.�84 @ �&A7����A4 @ �
wouldensurethatmostof theresponseoccurredaftertheinput (for large @ ). The
useof sucha delay, however, introducesa phaselag proportionalto frequency,
since�CB �5D ���E$'&1F � & @ . Eventhen,thefilter is still notexactlyrealisable;instead
thedesignof analoguefilters involvesthechoiceof themostsuitableapproxima-
tion to theidealfrequency response.

2.3 Practical Low-PassFilters

Assumethat the low-passfilter transferfunction
�����	�

is a rationalfunction in
�
.

The typesof filters to be consideredin the next few pagesareall-pole designs,
whichmeansthat

�
���	�
will beof theform:

�����	� � �� �CG � GIH �2G #KJ � G #KJ HML�L�L � J � H �CN �
O2P ���E$'&�� � �� �2G �%$'&�� G H �CG #KJ �E$'&�� G #KJ HMLQL�L � J $'& H �CN �

The magnitude-squared responseis
� �
�%$2&��R� 
 � �
�%$2&�� 0 �
�+4�$'&�� . The de-

nominatorof
� �
�%$2&��R� 


is hencea polynomial in evenpowersof
&

. Hencethe
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taskof approximatingtheidealmagnitude-squaredcharacteristicis thatof choos-
ing a suitabledenominatorpolynomialin

& 

, i.e. selectingthefunction S in the

following expression:

� �
�%$2&��R� 
T� �� H S D � ** / � 
 F
where

&A7 �
nominalcut-off frequency and S �

rationalfunctionof
� ** / � 
 .

Thechoiceof S is determinedby functionssuchthat � H S D �U& > &87V� 
 F is close
to unity for

&"WX&87
andrisesrapidlyafterthat.

2.4 Butterworth Filters

S D � &&87 � 
 F � D � &&87 � 
 F G � � &&87 � 
 G
i.e.

�����E$'&��	� 
Y� �� H � ** / � 
 G
where Z is theorderof thefilter. Figure2.4shows theresponseon linear(a) and
log (b) scalesfor variousordersZ .

2.4.1 Butterworth filter – notes

1.
� �[� � J\ 
 for

& � &87
(i.e. magnituderesponseis 3dB down at cut-off fre-

quency)

2. For large Z :

� in theregion
&]WX&87

,
�����E$'&��R� � �� in theregion

&]^X&87
, thesteepnessof

���_�
is a directfunctionof Z .

3. Responseis known asmaximallyflat, because- G �-2& Ga```` *'b N
�dc

for Z � � � � � L�L�L �'e 4 �
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Figure2.4: Butterworthfilter responseon (a) linear and (b) log scales. On a
log-log scaletheresponse, for

&"^f&A7
falls off at approx-20db/decade.

Proof

Express
� �
�%$'&��	�

in abinomialexpansion:

�����E$'&��	� � D � H � &&87 � 
 G F #hgi � � 4 �� � &&A7 � 
 G Hkjl � &&87 �Vm G 4 n�Ro �
&&A7 ��p G HMLQL�L

It is theneasyto show that the first
� Z 4 � derivativesareall zeroat the

origin.

2.4.2 Transfer function of Butterworth low-passfilter

�����E$'&��	� �rq �
�%$'&�������4T$2&��
Since

���E$'&��
is derivedfrom

�
���	�
usingthesubstitution

�ts $'&
, thereverse

operationcanalsobedone,i.e.
&us 4T$v�
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q �
���	������4w��� � �x � H ��4T$
y* / � 
 G

or
�
�������
�+4a�	� � �� H � # ) y*R/ � 
 G

Thusthepolesof

�� H � # ) y*�/ � 
 G
belongeitherto

�����	�
or
�
�+4a�	�

. Thepolesaregivenby:

� 4T$v�&87 � 
 G � 4 � � (�){z 
V|�} J�~�� � � �dc � � � � � LQL�L � � Z 4 �
Thus 4T$v�&87 � (�)�z 
V|�} J�~��iU�

Since
$ � ( ) � i , thenwe have thefinal result:

� � &87v�{���T$5� � � H � � � H � � �� ZT�
i.e. the poleshave the samemodulus

&87
and equi-spacedarguments. For

example,for afifth-orderButterworth low-passfilter (LPF), Z � n :�� Z � � l�� s � � H � � � H � � �� Z ���2c � H � � l'� � n�� � � �2c � � � � o � ������� L�L�L �
i.e. thepolesareat:

� c l � � � �2� � � � l c � � � �Ro � � � n � � �� �Q� �
in L.H. s-planethereforestable

� l2l � � j � � � � j o c � � j � o � � � j � �� �Q� �
in R.H.S.s-planethereforeunstable
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Figure2.5: Stablepolesof 5–thorderButterworthfilter.

Wewantto designastablefilter. Sinceeachunstablepoleis
�+4 � ��� astablepole,

wecanlet thestableonesbein
�����	�

, andtheunstableonesin
�
�+4a�	� L

Thereforethe polesof
�
���	�

are
&87+( ) J NV�=� ��&87V( ) J mVm � ��&87+( ) J �VN=� ��&87V( ) 
 J p � ��&87V( ) 
V�V
 �

asshown in Figure2.5.Hence,

�����	� � �� 4 y��� � �� � H � y*R/ ��� D � H � � O 95� � � y*�/ H � y*R/ � 
 F D � H � � O 9 j o � y*R/ H � y*R/ � 
 F
or, multiplying out:

�
���	� � �� H j L � j o�� y* / H n L � j o�� � y* / � 
 H n L � j o�� � y* / �+  H j L � j o�� � y* / � m H � y* / � �
Notethatthecoefficientsare“palindromic” (readthesamein reverseorder)– this
is true for all Butterworth filters. Polesarealwayson sameradii, at

�G angular
spacing,with “half-angles”ateachend.If Z is odd,onepoleis real.

Z � J � 
 �   � m � � � p �¢¡ �C�� � L c'c2c2c� � L � � � � � L c2c2c2c
j � L c'c2c2c � L c2c2c2c � L c'c2c2c� � L o�� j � j L � � � � � L o�� j � � L c2c2c2cn j L � j o�� n L � j o�� n L � j o�� j L � j o�� � L c2c'c2co j L l o j � � L � o � � � L � � �Ro � L � o � � j L l o j � � L c2c2c2c� � L � � � c � c L c2� � l � � L n � � l � � L n � � l � c L c2� � l � L � � � c � L c2c2c2cl n L � � n l � j L � j � � � � L l � o � � n L o l2l � � � L l � o � � j L � j � � n L � � n l � L c2c2c'c

18



ButterworthLPFcoefficientsfor �
£ l

2.4.3 Designof Butterworth LPFs

The only designvariablefor Butterworth LPFs is the orderof the filter Z . If a
filter is to haveanattenuation¤ ata frequency

&A¥
:

���_� 
*R¦ � �¤ 
 � �� H � *R¦* / � 
 G

i.e. Z �¨§ O2© � ¤ 
 4 � �� § O2© * ¦*R/
or sinceusually ¤dª � � Z¬« § O2© ¤§ O2© *R¦* /

Butterworth design– example

DesignaButterworthLPFwith at least40dB attenuationata frequency of 1kHz
and3dBattenuationat ­ 7 = 500Hz.

Answer

40dB
s ¤ = 100;

&8¥ � � c2c2c �
and

&87 � � c2c2c � rads/sec

ThereforeZ¬« § O2© J N � c'c§ O'© J N �
� �c L j c �

� o L o �
Hence Z = 7 meetsthe specification

Check: Substitute
� � $ �

into thetransferfunctionfrom theabove tableforZ � �
�����E$ � �	� � �� l � L j l 4 � j L n�� $®�

whichgives ¤ � � � l .
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2.5 Equiripple Filters

You may have noticedthat the Butterworth responseis monotonei.e. it hasno
ripple. If a certainamountof ripple is allowedin thepass-bandand/orthestop-
band,filters which have a sharpercut-off thantheButterworth filter (for a given
order Z ) canbedesigned.Therearethreetypesof equi-ripplefilters:

� Chebyshev TypeI (equi-ripplein thepass-band)

� Chevyshev Type II (alsoknown asinverseChebyshev – equi-ripplein the
stop-band)

� Elliptic (equi-rippleonbothpass-bandandstop-band)

2.5.1 Chebyshev polynomials

The Z -orderChebyshev polynomial @5G ��¯°� canbeexpressedas:

@5G ��¯°� � � O 9 � Z � O 9 #KJ ¯°�
for

c £ ¯ £ � ; and

@°G �.¯°� � � O 9�± � Z � O 9�± #KJ ¯°�
for

¯²^ � .
Thesetwo expressionsareequivalent in that the latter canbe derived from

theformerandso the resultis a singleChebyshev polynomialwhich appliesforc £ ¯ £M³ .
Alternatively, @5G �.¯°� can be expressedas a polynomial in

¯
, which can be

evaluatedfor any
¯
:

@ J �.¯°� � � O 9 �.� O 9 #KJ ¯°� � ¯

@ 
 ��¯°� � � O 9 ��´ where
´ � � O 9 #KJ ¯

i.e. @ 
 ��¯°� � � � O 9 
 ´ 4 � � � ¯ 
 4 �
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Obviously, thesameresultsarealsovalid with the
� O 9�± function.

Generally,

@°G } J �.¯°� H @5G #KJ �.¯°� � � O 9 � Z H � � ´ H � O 9 � Z 4 � � ´ � � � O 9 ´ � O 9 Z ´ � � ¯ @5G �.¯°�
Thus:

@°G } J �.¯°� � � ¯ @°G �.¯°�A4 @5G #KJ ��¯°�
is a recurrencerelationshipwhich allows the computationof @5G } J ��¯°� from the
two previouspolynomials.

Usingtherecurrencerelationship,

@   �.¯°� � � ¯ @ 
 �.¯°�µ4 @ J �.¯°� � � ¯8� � ¯ 
 4 � �A4¶¯ � � ¯   4 j ¯
@ m �.¯°� � � ¯ @   ��¯°�h4 @ 
 ��¯°� � � ¯8� � ¯   4 j ¯°�A4 � ¯ 
 4 � � l ¯ m 4 l ¯ 
 H �

The graphsof Fig. 2.6 below show that, for large Z , @°G �.¯°� divergesvery
rapidlyfor

� ¯h�v^ � ; for example,@ m � � L n � � � j L n . Thisis justthekindof behaviour
weneedfor agoodfilter function.

For aChebyshev TypeI filter (i.e. equi-ripplein thepass-band):

S D � &&87 � 
 F �¸·�
 @ 
G � &&87 �

: � L �����E$'&��R� 
 � �� H · 
 @IZ 
 � ** / �
Chebyshev type I – notes

1. Theparameter
· � c W · W � � setsthe ripple amplitudein the ripple pass-

bandwhich is definedas
c £ & £ &87

. Since,for
& £ &A7�� c £¹@ 
G £� �'�����E$'&��	� will fluctuatebetween� and

J\ J }�º i .
e.g.with

·»�¼c L n c l2l , theamplitudewill vary between� and
J\ JV½ 
 p , ie.

c L l �
or 1dBripplesince

� c § O2© J N c L l �¾� 4 � L c .
2. At

& �dc � @ 
G ��¯°� � D � O 9 � Z � O 9 #KJ c �{F 
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Figure2.6: Chebyshev functions.

ie. @ 
G ��¯°� ��c
if Z is oddand1 if Z is even

3.
&87

, in thiscase,is not the j -v¿ cut-off frequency.

By definition,
&  VÀ�Á is givenby:

�� H · 
 @ 
G � *	ÂUÃ=Ä*R/ �
�Å��

ie.
· 
 @ 
G � *	ÂUÃ�Ä*R/ � � � whichmeansthat

&  VÀ�Á ^f&A7 , since
· W �

4. For
&¼^d&87�� @ 
G getslargeand

�����E$'&��R�
decreasesmonotonically, asfor the

ButterworthLPF, but muchmorerapidly.
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Figure2.7: Responseof Chebyshev typeI filter. Thelower limit of ripple in the
pass-bandis � >¢Æ � H · 
 . Here

·¾�Mc L n c l2l .
2.5.2 Transfer function of Chebyshev Type I LPF

As before,put
�����E$'&��	� � q ���E$'&�������4T$'&��

, andlet
&6s 4�$v�

�
���	������4w��� � �� H · 
 @IZ 
 � # ) y*R/ �
Thepolesaregivenby @5G � # ) y* / � �kÇ $ · #KJ . Of the

� Z roots,assignthestableones
to
�
���	�

.
Example

Z � j�È ·»� J

@   � 4T$v�&87 � � � � 4T$v�&87 �   4 j �

4T$v�&87 � � $ � � �&87 �   H $ 0 j
�&87 �dÇ $ · #KJ �dÇ $ �

i.e. 2 cubics

� � �&A7 �   H j �
�&A7 �A4 � �Mc

� �Q� �É �=� , y8ÊË / b } gi�Ì # gÍ{Î ) Æ gEÏg%Ð
and � � �&87 �   H j �

�&87 � H � ��c
� �Q� �É �=� , yAÊË / b # giQÌ } gÍ�Î ) Æ gEÏg%Ð

Selectasstablepoles
� � 4 J
 &A7���� � �+4 Jm Ç $ x J �J p �V&87

Therefore
�
���	� �  Ñ

| b J
�� 4 y� � � �D � H � y* / F D � H J
 y* / H � y* / � 
 F (factorisedform)

23



(Note Ò � Jm for complex pair– it was
J
 for Butterworthfilter)

Hence
�
���	� � �� H � J
 � y*R/ � H � � y*R/ � 
 H � � y*R/ �   (polynomialform)

In general,the poleslie on an ellipse(this is only meaningfulfor Z¼Ó n ; ifZÔ£ � , anellipsecanbedrawn throughany setof poles).
A large

·
meansa larger ripple, narrower ellipseand lessdampedcomplex

poles,ie. amoreoscillatoryimpulseor stepresponsebut a steepercut-off.

0.4 0.6 0.8 1 1.2
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Figure2.8: Stablepolesof 5–thorderChebyshev TypeI filter.

2.5.3 Designof Chebyshev Type I LPFs

If afilter is to haveanattenuation¤ ata frequency
&8¥

:

���_� 
* ¦ � �¤ 
 � �� H · 
 @ 
G � * ¦* / �

ie. ¤ 
 4 � �M·�
 @ 
G � &8¥&A7 � �M·�
 � O 9�± 
 � Z � O 9�± #KJ &8¥&87 �
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i.e.
� O 9�± � Z � O 9�± #KJ &A¥&87 � � Æ ¤ 
 4 �·

or Z � � O 9�± #KJ \ Õ i #KJº� O 9�± #KJ *�¦* /
Example

DesignaChebyshev TypeI LPF to meetthefollowing specifications:

� Maximumrippleof 1dB in pass-bandfrom 0 to 50Hz

� 3dBcut-off frequency at ­ = 65Hz

� Attenuationof at least40dB for ­ÖÓ 250Hz

Answer

1. As shown onpage21,1dBripplecorrespondsto avalueof
c L n c l2l for

·
.

2. 3dB cut-off:
&  VÀ�Á � � j c � rads/sec.Minimum Z givenby:

Z � � O 9�± #KJ JN ½ � NV�V�� O 9�± #KJ � L j
� � L � � �

Therefore ×ÙØÛÚ meetsthe 3 dB cut-off requirement.

3. For 40dBattenuation,¤ � � c2c . Minimum Z givenby:

Z �¨Ü�Ý ��Þ #KJ x � J N Í #KJ~ c L n c l2l� O 9�± #KJ n � � L o c o
ie. ×àßÛá meetsthe overall specification.
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2.5.4 Chebyshev Type II low-passfilters

Theseexhibit equiripplebehaviour in thestop-bandbut have thesamebehaviour
asaButterworthfilter (ie. maximallyflat around

& �dc
in thepass-band.Thisbe-

haviour cannotbeachievedwith anall-polefilter; Chebyshev TypeII filters have
a transferfunction

�����	�
which includeszeroeson the imaginaryaxis aswell as

polesin theleft-half
�
-plane.

� �
�%$2&��R� 
T� �
� H · 
�â i� z Ë�ãË / ~â i� z Ë�ãË ~

where
& É = lowestfrequency atwhichstop-bandlossattainsaspecifiedvalue.

The magnitude-squaredresponsefor Chebyshev Type I andII filters in Fig.
2.9.For boththesefilters,thepass-bandedgeis at

& � &87
where

� �[� 
 � JJ }�º i and
thestop-bandedgeis at

& � & É where
���_� 
 � JÕ i .

1/(1+    )ε2

1/A
2

ωcωr

|G(   )|
2ω

Type I

1/(1+    )ε2

1/A
2

ωcωr

|G(   )|
2ω

Type II

ω ω

Figure2.9: Responseof Chebyshev typeI, II filters.

Thus,for Z � n :
�����	� � D � H � y* g � 
 F D � H � y* i � 
 F� H � J � y*R/ � H � 
 � y*�/ � 
 H �   � y*R/ �   H � m � y*R/ � m H � � � y*R/ � �

with zeroesat
� �dÇ $'& J , Ç $'& 
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2.5.5 Designof Chebyshev Type II LPFs

Example

DesignaChebyshev TypeII LPF to meetthefollowing specifications:� 3dBcut-off frequency at50Hz

� Attenuationof at least50dBfor ­ÔÓ 100Hz.

Answer

1. For Chebyshev Type II LPFs,the pass-bandbehaviour is the sameasthat
of a Butterworth LPF; ie.

&87 � &  VÀ�Á . Therefore
� �[� 
* / � J
 � JJ }�º i which

gives
·ä� �

2.

When
& � & É � ���_� 
T� �¤ 
 � �

� H · 
 â i� z Ë ãË / ~â i� z J�~
Since@ 
G � � � � � for all Z , theexpressionreducesto:

���_� 
* ã � �� H · 
 @ 
G � * ã* / �
Therefore,from section2.5.3,

Z � � O 9�± #KJ � ¤ 
 4 � � gi� O 9�± #KJ � * ã*R/ � � ·¾� � � in thiscase
�

For anattenuationof 50dB, ¤ 
 = 10
�

andthus:

Z � � O 9�± #KJ � � c � 4 � � gi� O 9�± #KJ � � � � � L l � �
ie. ×àßæå meetsthe overall specification.
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2.5.6 Elliptic low-passfilters

Elliptic filters3 have a magnituderesponsewhich is equi-ripplein both thepass-
bandandthestop-band.Elliptic filters areoptimumin thesensethat,for a given
orderandfor givenripplespecifications,nootherfilter achievesa fastertransition
betweenthe pass-bandandthe stop-band– ie. hasa narrower transitionband-
width.

Themagnitude-squaredresponseof a low-passelliptic filter is of theform:

�����E$'&��R� 
Y� �� H · 
�ça
G � **R/ ��èT�
where

ç G � ** / ��èY� is calledaChebyshev rationalfunctionand
è

is aparameterde-
scribingtheripplepropertiesof

ç G � ** / ��èY� L
Figure2.10shows the magnitude-squaredresponseof a typical elliptic low-

passfilter. The frequencies
& � Ì y representthe edgesof the pass-andstop-bands

andit is notedthatthecut-off frequency is givenas
&87 � Æ & � & y . Thelatter, once

again,is not the3dBpoint though.

2.5.7 Designof Elliptic Filters

In orderto designan elliptic LPF with arbitraryattenuationsin both pass-band
andstop-band,threeof thefour parameters:

� filter order
� Z �

� in-bandlossor ripple
� · �

� out-of-bandlossor attenuation
� ¤ �

� transitionratio
ç � *�é* Ê �+W � �

canbechosenandthefourthparameteris uniquelydefined.

The theory behindthe determinationof the function
ç G � ** / ��èY� involvesan

understandingof Jacobianelliptic functions,which arebeyond thescopeof this

3alsoknown asCauer, or Darlington,filters
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Figure2.10:Elliptic filter response.

course.Hencethedesignof elliptic filters will not beconsideredin detail in this
lecturecourse.In any case,elliptic filters areusuallydesignedwith the help of
graphicalprocedures(see,for example,Rabiner& Gold,TheoryandApplication
ofDigital SignalProcessing) or computerprogrammes(see,for example,Daniels,
Approximationmethodsfor thedesignof passive, activeanddigital filters).

You shouldremember, however, that for any givenspecification,the elliptic
filter will alwaysbeof lowerorder thananyother.
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