Lecture 2 - FrequencySelectve
Filters

2.1 Applications

Low-pass : to extractshort-termaverageor to eliminatehigh-frequeng fluctua-
tions(eg. noisefiltering, demodulationetc.)

High-pass : to follow small-amplitudéhigh-frequeng perturbationsn presence
of muchlargerslowly-varyingcomponen(e.g.recordingtheelectrocardio-
gramin the presenc®f a strongbreathingsignal)

Band-pass: to selecta requiredmodulatedcarrierfrequeng out of mary (e.g.
radio)

Band-stop : to eliminatesingle-frequeng (e.g. mains)interferencgalsoknown
asnotchfiltering)

2.2 Designof AnalogueFilters

We will startwith ananalysisof analogudow-passfilters, sincea low-pasdfilter
canbe mathematicallyransformednto ary otherstandardype.
Designof afilter may startfrom consideratiorof

e Thedesiredrequeng response.

e Thedesiredphaseaesponse.
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Figure2.1: Standad filters.

The majority of thetime we will considerthe first case.Considersomedesired
responsen thegeneraform of the (squaredmagnitudeof the transferfunction,
i.e. |G(s)|*. Thisresponsés givenas

G(s)]” = G(s)G"(s)

wherex denotexomplex conjugation.If G(s) represents stablefilter (its poles
areon the LHS of the s-plane)thenG*(s) is unstable(asits poleswill beonthe
RHS).

Thedesignprocedureonsistshenof

e ConsideringsomedesiredresponseG (s)|* asapolynomialin evenpowers
of s.

¢ Designingthefilter with the stablepartof G(s), G*(s).

This meanghat,for arny givenfilter responseén the positive frequeng domain,a
mirror imageexistsin the negative frequeng domain.

2.2.1 ldeal low-passfilter

Any frequeng-selectve filter may be describeckitherby its frequeny response
(morecommon)or by its impulseresponseThenarraverthe bandof frequencies
transmittedy afilter, themoreextendedn timeis itsimpulseresponsavaveform.
Indeed,if the supportin the frequeng domainis deceasedby afactorof a (i.e.
madenarraver) thenthe requiredsupportin the time domainis increasedby a
factorof a (you shouldbe ableto prove this).
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Consideranideal low-pasdilter with a“brick wall” amplitudecut-off andno
phaseshift, asshovn in Fig. 2.2.

| Gw) |

0 W, W

Figure 2.2: Theideal low-passfilter. Note the requirementof responsen the
negativefrequencyomain.

Calculatethe impulseresponseas the inverseFourier transformof the fre-
queng response:

1 [ . ot 1 [we ot 1 - s
g(t) = — G(](A})@J dw = — 1- e] dw — ' (6] et _ o jWe )
R o ) ., 2t

W, sinw,t
g(t) = —(

T wet

)

Figure2.3 shavs theimpulseresponsdor thefilter (thisis alsoreferredto asthe
filter kerne)).

The outputstartsinfinitely long beforethe impulseoccurs—i.e. thefilter is
notrealisablan realtime
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Figure2.3: Impulseresponsdfilter kernel)for thelLPF. Thezelo crossingsoccur
atinteger multiplesof 7 /w..

A delayof timeT" suchthat
wesinwg(t =T
o) = £t
T w(t—="T)
would ensurghatmostof therespons@ccurredaftertheinput (for largeT’). The
useof sucha delay however, introducesa phaselag proportionalto frequeng,
sincearg{G(jw} = wT'. Eventhen,thefilter is still notexactlyrealisablejnstead

the designof analogudilters involvesthe choiceof the mostsuitableapproxima-
tion to theidealfrequeng response.

2.3 Practical Low-PassFilters

Assumethatthe low-passfilter transferfunction G(s) is arationalfunctionin s.
Thetypesof filters to be consideredn the next few pagesare all-pole designs
whichmeanghatG/(s) will beof theform:

1
(ans™ + ap_1s" 1+ ...a18 + ag)

G(s) =

1
(an(jW)n + an_l(jw)”*l 4+ ... aljw -+ ao)

orG(jw) =

The magnitude-squagd responses |G (jw)|? = G(jw) - G(—jw). Thede-
nominatorof |G(jw)|? is hencea polynomialin evenpowersof w. Hencethe
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taskof approximatingheidealmagnitude-squarecharacteristiés thatof choos-
ing a suitabledenominatopolynomialin w?, i.e. selectingthe function H in the
following expression:

1

G(jw)]? = W

wherew. = nominalcut-off frequeny andH = rationalfunctionof (wic)Q.

Thechoiceof H is determinedy functionssuchthat1 + H{(w/w.)?} is close
to unity for w < w, andrisesrapidly afterthat.

2.4 Butterworth Filters

I = () = ("
ie.
L AT

wheren is the orderof thefilter. Figure2.4 shavs theresponsen linear(a) and
log (b) scaledor variousordersn.

2.4.1 Butterworth filter —notes

1. |G| = \L@ for w = w, (i.e. magnituderesponses 3dB down at cut-off fre-
queny)

2. Forlargen:

e intheregionw < w,, |G(jw)| =1

e intheregionw > w,, thesteepnessf |G| is adirectfunctionof n.
3. Responsés known asmaximallyflat, because

d"G
dwn w0

=0 for n=1,2,...2N —1
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Figure 2.4: Butterworthfilter responseon (a) linear and (b) log scales. On a
log-log scaletheresponsgfor w > w, falls off at approx -20db/decade

Proof

ExpressG(jw)| in abinomialexpansion:

GlGw)| = {1+ () = 1= (4 () - (2

i )Gn

It is theneasyto show thatthe first 2n — 1 dervativesareall zeroat the
origin.

2.4.2 Transfer function of Butterworth low-passfilter

G(jw)| = VG (jw)G(—jw)

SinceG(jw) is derivedfrom G(s) usingthe substitutions — jw, thereverse
operationcanalsobedone,i.e.w — —js
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Thusthe polesof

—_

14 (L)

belongeitherto G(s) or G(—s). Thepolesaregivenby:

(_.78)2n:_1:€]'(2k+1)7r’ k=0,1,2,...,2n—1
We

Thus

—JSs — 2kt g
wc

Sincej = ¢/%, thenwe have thefinal result:

™

LT
s= wcexpj[§ + (2k + 1)2n]

i.e. the poleshave the samemodulusw, and equi-spacedcmguments. For
example for afifth-orderButterworth low-pasdilter (LPF),n = 5:

™ m ™
— =18°—= — 4+ (2k+ 1)— = 90° 4 (18°,54°,90°,126°, etc. . .
2n _> 2 + ( + )2n + ( ) 7 ) ’e c )

I.e. thepolesareat:

108°,144°,180°, 216°, 252°, 288°,324°, 360°, 396°, 432°
in L.H. s-plan&hereforatable in R.H.S.s-planghereforwnstable
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Figure2.5: Stablepolesof 5—thorder Butterworthfilter.

We wantto designa stablefilter. Sinceeachunstablepoleis (—1) x astablepole,
we canlet thestableonesbein G(s), andtheunstableonesin G(—s).

Thereforethe polesof G(s) arew.e/1%” w1 w. e8I o) eI?52
asshavnin Figure2.5. Hence,
1 1

Gls) =12 =T (I ()1 + 20057205 + (2)7H1 + 208 36°2 + (2)2)

or, multiplying out:

G(s) !

T 14323612 +5.2361(2)2 + 5.2361(2)° + 3.2361(2 )1 + (2)

S S
We We We

Notethatthe coeficientsare“palindromic” (readthesamein reverseorder)—this
is true for all Butterworth filters. Polesare alwayson sameradii, at 7 angular
spacingwith “half-angles”ateachend.If n is odd,onepoleis real.

a1 a9 as ag Qs Qg ar as
1.0000
1.4141  1.0000
2.0000  2.0000 1.0000
2.6131 3.4142 2.6131 1.0000
3.2361 5.2361 5.2361 3.2361 1.0000
3.8637 7.4641 9.1416 7.4641 3.8637 1.0000
4.4940 10.0978 14.5918 14.5918 10.0978 4.4940 1.0000
5.1258 13.1371 21.8462 25.6884 21.8462 13.1371 5.1258 1.0000

0~ U AW~ S
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Butterworth LPF coeficientsfor ¢ < 8

2.4.3 Designof Butterworth LPFs

The only designvariablefor Butterworth LPFsis the orderof thefilter n. If a
filter is to have anattenuatiord atafrequeny w,:

1 1
We
. log(A4%2 — 1
e. n= o8 o )
2log 22
. log A
or sinceusuallyA > 1, n = logw
ng—‘z

Butterworth design—example

Designa Butterworth LPF with atleast40 dB attenuatiorata frequeng of 1kHz
and3dB attenuatiorat f. = 500Hz.
Answer

40dB— A =100; w, = 20007 andw, = 10007 rads/sec

log;, 100 2
logig2  0.301

Thereforen ~ 6.64

Hencen = 7 meetsthe specification

Check: Substitutes = 52 into the transferfunctionfrom the above tablefor
n="17

1
G(j2)| =
GU2) = G735 03545

whichgivesA = 128.
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2.5 Equiripple Filters

You may have noticedthat the Butterworth responses monotone.e. it hasno
ripple. If acertainamountof ripple is allowedin the pass-ban@nd/orthe stop-
band,filters which have a sharpercut-off thanthe Butterworth filter (for a given
ordern) canbedesignedTherearethreetypesof equi-ripplefilters:

e Chebyshe Typel (equi-ripplein the pass-band)

e Chevryshey Typell (alsoknown asinverseChebyshe — equi-ripplein the
stop-band)

¢ Elliptic (equi-rippleon bothpass-ban@ndstop-band)

2.5.1 Chebyshe polynomials

Then-orderChebyshe polynomialT,,(z) canbe expresseas:

T, (z) = cos(ncos™' )
for0 <z <1;and
T, (z) = cosh(n cosh ' z)

forxz > 1.

Thesetwo expressionsare equialentin that the latter can be derived from
the formerandsotheresultis a single Chebyshe polynomialwhich appliesfor
0< 2 < o0.

Alternatiely, T,,(x) canbe expressedas a polynomialin z, which canbe
evaluatedor ary z:

Ti(z) = cos(cos™'z) =

Ty(z) = cos 26 wheref) = cos ' z

i.e. Th(z) = 2cos’ 0 — 1 =22" — 1
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Obviously, thesameresultsarealsovalid with the cosh function.
Generally

Thi1(z) + Thoi(z) = cos(n + 1) + cos(n — 1)0 = 2 cos 0 cosnd = 22T, (x)
Thus:
Toni1(x) = 22T, (x) — Ty_1(z)

is a recurrenceelationshipwhich allows the computationof 7,,,;(z) from the
two previouspolynomials.
Usingtherecurrenceelationship,

Ts(x) = 22T (x) — Ti(z) = 22(22° — 1) — v = 42° — 3z

Ty(z) = 22T (x) — To(z) = 22(42® — 3z) — 22° — 1 =82* — 822 +1

The graphsof Fig. 2.6 below shaw that, for large n, T,,(z) divergesvery
rapidlyfor |z| > 1; for exampleT,(1.5) = 23.5. Thisisjustthekind of behaiour
we needfor a goodfilter function.

For a Chebyshe Typel filter (i.e. equi-ripplein the pass-band):

) =T
ie.|G(jw)[? = Hé%n?(i)

Chebyshe type | —notes

1. Theparametee(0 < € < 1) setstheripple amplitudein theripple pass-
bandwhich is definedas0 < w < w,. Since,for w < w0 < T? <

1, |G(jw)| will fluctuatebetweenl and =—;.

e.g.with ¢ = 0.5088, theamplitudewill vary betweent and -, ie. 0.89
or 1dBripple since20log;,0.89 = —1.0.

2. Atw =0, T2(z)={cos(ncos '0)}?
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Figure2.6: Chebyshefunctions.
ie. T2(z) = 0 if nisoddandlif n is even

3. we, Inthiscasejs notthe 3d B cut-off frequeny.
By definition,ws,p IS givenby:

1 1

1+ e2T2(%8ae) 2

ie. e2T? (4242 ) = 1 which meanghatwsp > w,, Sinces < 1

We

4. Forw > w,, T? getslargeand|G(jw)| decreasemonotonically asfor the
Butterworth LPF, but muchmorerapidly.
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Figure2.7: Responsef Chebyshetypel filter. Thelower limit of ripple in the
pass-bands 1/+/1 + 2. Heree = 0.5088.

2.5.2 Transfer function of Chebyshe Typel LPF

As before put|G(jw)| = \/G(jw)G(—jw), andletw — —js

1
1+ e2Tn2(E2)

G(s)G(-s) =

The polesaregivenby Tn(;—{s) = +je~ 1. Of the2n roots,assignthe stableones
to G(s).
Example

—9s —98 —98 P ) S . )
Ty(=5) = 4(25)° = 8(25) = j4() +5 - 3— = £je ! = 52

We We We We We
i.e. 2 cubics

S S S S

4P +3(2)—2=0and4(=)P +3(=)+2=0

P+ 2 =0 e P +3 )+

'rootsws—cz—l—%,—%:tj\/g roots—:——,-i— :I:]\/;
Selectasstablepoless = —jw,,s = (—3 £ j1/12)w

I | 1

Therefore G(s) = factorisedorm

(s) g1—pi {122 1+ +(2)%) ( )
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(Note¢ = 1 for complex pair—it was? for Butterworth filter)

1
Hence G(s) = olynomialform
() 1+25(2) +2(2)2 +2(2)3 (poly )

In generalthe poleslie on an ellipse (this is only meaningfulfor n > 5; if
n < 4, anellipsecanbedravn throughary setof poles).

A large ¢ meansa larger ripple, narraver ellipse and lessdampedcomplec
poles,ie. amoreoscillatoryimpulseor stepresponséut a steepecut-of.

0.3}
o2fp X
0.1}

-0.1¢
-0.2F X
-0.3¢

N,

0.4 0.6 0.8 1 1.2

Figure2.8: Stablepolesof 5-thorder Chebyshe Typel filter.

2.5.3 Designof Chebyshe Typel LPFs

If afilter is to have anattenuatiod atafrequeny w,:

1 1
G2 =— =~
Gl A2 1+eTR(e)

ie. A2—-1= 52T3(ﬂ) = e%cosh?(n cosh™ &)
We We
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. A1
i.e. cosh(ncosh™ ﬂ) = yZ -
We £

_ 2__
cosh ! —“451

cosh™! “a
We

or n=

Example

Designa Chebyshe Typel LPFto meetthefollowing specifications:
e Maximumripple of 1dBin pass-bandrom 0 to 50Hz
e 3dB cut-off frequenyg at f =65Hz
e Attenuationof atleast40dB for f > 250Hz

Answer

1. Asshavnonpage2l, 1dBripple correspondso avalueof 0.5088 for ¢.
2. 3dB cut-off: wsqp = 1307 rads/secMinimum n givenby:

-1 1
cosh™ =02 =1.714

n = S
cosh™ 1.3

Thereforen > 2 meetsthe 3 dB cut-off requirement

3. For 40dBattenuationA = 100. Minimum n givenby:

cosh ™4 /(145720.5088
n= - = 2.606
cosh™ "5

ie. n = 3 meetsthe overall specification.
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2.5.4 Chebyshe Typell low-passfilters

Theseexhibit equiripplebehaiour in the stop-bandut have the samebehaiour
asaButterworthfilter (ie. maximallyflat aroundwv = 0 in thepass-bandThisbe-
haviour cannotbe achievedwith anall-polefilter; Chebyshe Typell filters have
atransferfunction G(s) which includeszeroeson the imaginaryaxis aswell as
polesin theleft-half s-plane.

1

ny\w

G (jw)|* =

wherew, =lowestfrequeng atwhich stop-bandossattainsa specifiedvalue.

The magnitude-squarecesponsdor Chebyshe Type | andll filters in Fig.
2.9. For boththesefilters, thepass-banédgeis atw = w, where|G|? = 1+152 and
thestop-bancedgeis atw = w, where|G|? =

1
Az
IGW)| @)

1/(1+€2) 1/(1+€2)

1/A°

UAT :

e &
Type | Type |l

Figure2.9: Responsef Chebyshetypel, Il filters.

Thus,forn = 5:

_ {1+ (5 HL+ ()
1+ al(u%) + az(wic)Z + 0,3(“%)3 + CL4(§)4 + CL5(§6)5

c

G(s)

with zeroesat s = +jwq, £jws
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2.5.5 Designof Chebyshe Typell LPFs

Example

Designa Chebyshe Typell LPFto meetthefollowing specifications:
e 3dB cut-off frequeny at50Hz
e Attenuationof atleast50dBfor f > 100Hz.

Answer

1. For Chebyshe Typell LPFs,the pass-bandehaiour is the sameasthat
of a Butterworth LPF; ie. w, = wsqp. Therefore|G|Z = 1 = H% which
givese =1

1 1
When w = wy, G =4 =

A 1+ &2

2 (W
o)

(1)

SinceT?(1) = 1 for all n, theexpressiorreducego:

ap - L
v T T eTE)

Thereforefrom section2.5.3,

h=1(42 —1)> —
n=2 ( ) (e =1, inthiscase

cosh_l(z—z)

For anattenuatiorof 50dB, A%2 = 10° andthus:

cosh™ (105 — 1)z
cosh *(2)

=4.897

n =

ie. n = 5 meetsthe overall specification.

27



2.5.6 Elliptic low-passfilters

Elliptic filters® have a magnituderesponsevhich is equi-ripplein boththe pass-
bandandthe stop-band Elliptic filters areoptimumin the sensehat, for agiven
orderandfor givenripple specificationspo otherfilter achievzesafastertransition
betweenthe pass-banandthe stop-band- ie. hasa narraver transitionband-
width.

Themagnitude-square@spons®f alow-passlliptic filter is of theform:

1
1+ e2R2(2 L)

Gjw)|* =

whereR, (£, L) is calleda Chebyshe rationalfunctionand L is a parametede-
scrlblngtherlpplepropertlesofR (2, L).

Figure 2.10 shawvs the magnitude-squareesponsef a typical elliptic low-
passfilter. The frequenciesy, ; representhe edgesof the pass-andstop-bands
andit is notedthatthecut-of frequeny is givenasw. = , /w,w;. Thelatter, once
again,is notthe 3dB pointthough.

2.5.7 Designof Elliptic Filters

In orderto designan elliptic LPF with arbitrary attenuationsn both pass-band
andstop-bandthreeof thefour parameters:

e filter order(n)

e in-bandlossor ripple (¢)

e out-of-bandossor attenuatior(A)
e transitionratio R = 2(< 1)

canbechoserandthefourth parameters uniquelydefined.

The theory behindthe determinatiorof the function R, (-, L) involvesan
understandingf Jacobiarelliptic functions,which are beyondthe scopeof this

3alsoknown asCauer or Darlingtonfilters
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Figure2.10: Elliptic filter response

course.Hencethe designof elliptic filters will not be consideredn detailin this
lecturecourse.In ary case elliptic filters are usually designedwith the help of
graphicalproceduregsee for example,Rabiner& Gold, Theoryand Application
of Digital SignalProcessinyjor computeprogrammesgsee for example Daniels,
Approximationmethoddor the designof passiveactiveanddigital filters).

You shouldrememberhowever, thatfor arny given specification the elliptic
filter will alwaysbe of lower orderthananyother.
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