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Series 4 solution of first order logic tutorial

Exercise 1 Solution :

First, we need to specify the vocabulary used (the domain of discourse). In our case, we
will use the following vocabulary :

Constants :

log : It is the constant representing logic.

Variables :

x and y.

The unary predicates :

Stud(x) : means that "x" is a student.

Module(y) : means that "y" is a module.

The binary predicates :

like(x,y) : means that "x" likes "y".

gnote(x,y) :means that "x" got a good grade in "y".
Better(x,y) : means that "x" is better than "y".

Now we will model the sentences :

1- Va(Stud(x) — like(z, log))

2- Va3y((Stud(xz) A Module(y)) — —like(z,y))

3- VaVy((Stud(x) A gnote(z,log) A Stud(y)) — Better(x,y))

Exercise 2 Solution :
1- The predicates are :
man(x) and mortal(x).

2- The sentences in predicate logic are :
a- Yz (man(x) — mortal(z)).

b- mortal(Socrate).

c- man(Socrate).

3-Yes, we can deduce statement "b" from "a" and "c".

Proof :

Intuitively, "Socrates" is an instance of "x", and since "Socrates" is a man (man(Socrates)
= true) and Vz(man(x) — mortal(z)) = true so "Socrate" is mortal that is, mor-
tal(Socrates) = true.

We can also prove this using proof theory, that is, we need to prove that :

Va(man(z) — mortal(x)), man(Socrate) = mortal(Socrate).

The proof is like this :

1- F Vz(man(z) — mortal(x)) hypl

2- - man(Socrate) hyp2

3- k= Va(man(x) — mortal(z)) — (man(Socrate) — mortal(Socrate))  sch¥

4- man(Socrate) — mortal(Socrate) mp 1,3

5- = mortal(Socrate) mp 2,4
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Exercise 3 Solution :

1- Vz(influenza(x) — take(x, Tamiflu))

2- Va((fever(x) A cough(x)) — influenza(z))

3- Vavt((temp(x,t) A sup(t,38)) — fever(z))

4- cough(Mohamed) N\ 3t(temp(Mohamed,t) A sup(t, 38))
5- take(Mohamed, Tami flu)

Exercise 4 Solution :

To answer this question, we need to construct the syntax trees of each formula.
After numbering the variables, we find :

Fi: Va:43y3(‘v’y1P(x4,y1) — HIQQ((L’Q,yg)) = I : V433(V1P(47 1) — 32@(2, 3))
Fy VU4323(VU,1P(23, U,l) — HUQQ(UQ, U4)) = I \V/4E|3(\V/1P(3, ]_) — 32@(2, 4))
Fy :Vzq3xs(Vo1 P2y, 1) — 320Q(22,x3)) = Fy : VAT3(V1P(4,1) — 32Q(2,3))
According to results, we observe that F; and F3 are congruent.

Exercise 5 Solution :

-1 False, 2- False, 3- True, 4- False, 5- True, 6- True, 7- True, 8-False.

For justification, for example, for the first one : Q(cl) = True so =Q(cl) = False,
Q(c2) = True so =Q(c2) = False and Q(c3) = True so =Q(c3) = False. I(Vz—Q(x))
= I1(=Q(cl) A\=Q(c2) A\=Q(c3)) = FAFANF = F. We do the same for the other formulas.

Exercise 6 Solution :
a)The truth table of the first formula Va(P(x) — JzQ(z)) knowing that the domain D

~{1,2}.

— We will represent the predicate P(x) by the function f(x),
— The predicate Q(x) will be represented by the function g(x).
The truth table of P(x) is as follows :

x P(x) || fi(z) | folz) | f3(z) | fa(z)

1 T T F F

2 T F T F
The truth table of Q(x) is as follows :

x Q) || g1(2) | g2(x) | g3(x) | galx)

1 T T F F

2 T F T F

Since there are no free variables in the formula, the overall truth table is as follows :
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Interpretation || P(x) | Q(x) | Formula
I J1 g1 T
I, J1 92 T
I3 J1 g3 T
Iy f1 94 F
I Ja g1 T
Ig Ja g2 T
I7 J2 g3 T
Iy J2 94 F
Iy B g1 T
Lo 3 92 T
Iy J3 93 T
Iy /3 94 F
I3 Ja g1 T
Iy Ja 92 T
Iis Ja 93 T
L Ja 94 T

To provide the truth values of each interpretation, follow the following method :

F2=101(1)(T)

(1) 1 ()(T)—3a(T) {or? =3 D)

I (T) Vx{and 9
Ao
2=1(T) f1 (1)(T)—32(T) {or" =192
I, (T) Va{and e
e=2(T) f1(2)(T)—=3a(T){or, _5g, () (r)
2=1(F) f1(1)(T) =3 (F){or*= 24
I (F) Vz{and a= ?Zigigi
2=2(F) f1(2)(T)~3x(F){or; 54 ) 1)
2=1(F) f2(1)(T)—>Ja(F){or" 14T
Iy (F) Va{and = f?iﬁ?ii;
2=2(T) f2(2)(F) T2 (F){or, o4, (2) ()

b) The truth table of the second formula Va(P(x,y) A JxP(x)).
In this case, we have two predicates and one free variable y.

— We will represent the predicate P(x) by the function f(x),
— The predicate P(x, y) will be represented by the function g(x).

The truth table of P(x) is as follows :

x P(x) || filz) | fo(z) | f3(x) | ful2)

1 T T F F

2 T F T F

The truth table of P(x,y) is as follows :
x|y || i(zy) | g2, y) | g3(z,y) | ga(z,y) | 95(x,9) | g6(z,y) | g7(x.y) | gs(x,y) | go(z,y)
11 T T T T T T T T F
112 T T T T F F F F T
211 T T F F T T F F T
212 T F T F T F T F T
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go(z,y) | gulz,y) || gi2(z,y) | gi3(z,y) | g1z, y) | 915(x,y) | g16(2,y)
F F F F F F F
T T T F F F F
T F F T T F F
F T F T F T F
The overall truth table is as follows :
Interpretation | P(x) | P(x,y) | y | Formula
I fi [ 1 T
Iy fi g 2
I3 S 92 1
il 916 1
f1 Jie 2
Igg fa g1 2 F

To provide the truth values of each interpretation, follow the following method :

I (T) Vz{and

Ios (F) Ya{and

x=1(T)g1(1,1)(T)AJx(T){or
2=2(T)g1(2,1)(T)AJx(T){or

z=1f1(1)(T)
=21 (2)(T)
=11 (1)(T)
z=2f1(2)(T)

e=1(F)g1(1,2)(T)AJz(F){or”=1f41)F)

Exercise 7 Solution :

a)

1) VavyA(z,y) = Az, y)
1= VaVyA(z, y)

hypl

2- VaVyA(z,y) — VyA(x,y)  schV
3 YyA(x,y) mp 1,2

A= VyA(z,y) — Az, y) schV
5 A(z,y) mp 3,4

2) Vo (P(x)

I+ Vaz(P(z) (7)) hypl

=2f4(2)(F)

2=2(F)g1(2,2)(T)AJa(F){or" 374 E)

x=2f4(2)(F)

— Q(x)),VzP(z) F VzQ(x)
N
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2F VaP(x) hyp2

3FVz(P(x) — Q(x)) — (P(z) — Q(z))  sch¥
4 P(x) — Q(x) mp 1,3

5 VaxP(x) — P(x) sch¥

6F P(x) mp 2,5

T Q(x) mp 4,6

8 Q(x) — (VzP(x) — Q(x)) sch 1a

O VzP(x) — Q(x) mp 7,8

10F VzP(x) — VaQ(x) rule V from 9
11F VzQ(x) mp 2,10

3) Pla), Va(P(z) — Q(x)) - Q(a)

1+ P(a) hypl

2 Va(P(z) — Q(z)) hyp2

3k Va(P(z) — Q(z)) — (P(a) — Q(a))  schV
4 P(a) — Q(a) mp 2,3

5 Q(a) mp 1,4

4) Vo S(z) ANV R(x) F Jx(S(x) A R(z))
1 FVaS(z) AVaR(z) Hypl

2 VeS(x) A\VxR(x) — VaS(x)  sch 3a we replaced A with VaS(z) and B with VzR(x)
3 = VaS(z) mp 1,2

4 VeS(x) A\VeR(x) — VazR(x)  sch 3bwe replaced A with VzS(z) and B with VzR(x)
5 FVeR(z) mp 14

6 FVzS(z) = S(z) sch V

7FS(z) mp 3,6

8 - VzR(z) — R(x) sch V

9+ R(x) mp 5,8

10 - S(z) = (R(x) — S(x) A R(x))  sch 2 we replaced A with S(z) and B with R(x)
11+ R(x) — S(z) A R(x) mp 7,10

12+ S(z) A R(z) mp 9,11

13 F (S(x) ANR(z)) — Jz(S(x) A R(x)) sch 3
14+ 3x(S(x) A R(x)) mp 12,13

b)

FVeP(x) — JzP(x)

I+ VaP(z) — P(x) schV

2+ (VazP(z) — P(x)) — ((VzP(z) — (P(x) —» 2P (z))) — (VaeP(x) — JzP(x))) sch
1b, we replaced A with Yz P(x), B with P(x) and C with JzP(x)

3k (VzP(z) = (P(x) — 3z P(z))) — (VeP(x) — 3xP(x)) mp 1,2

4+ P(x) — JzP(x) sch3

5 (P(z) — JzP(x)) — (VoP(x) — (P(z) — JzP(x)))  sch la we replaced A with
(P(x) — JzP(x)) and B par VzP(x)

6F (VeP(z) —» (P(z) — 3zP(x))) mp 4,5

T=VaxP(x) — JzP(z) mp 3,6
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