SOLUTION OF Series 1

Exercise 1:

Let’s determine (if they exist): the upper bounds, the lower bounds, the supre-
mum, the infimum, the maximum, and the minimum of the following sets:

1. (a) For the set [—1; 3], We have:
The upper bounds of [—1; 3] are: [3;+o0].
The lower bounds of [—1; 3] are: | — oo; —1].
The supremum of [—1; 3] is: sup([—1;3]) = 3.
The infimum of [—1;3] is: inf([—1;3]) = —1.
The greatest element of [—1; 3] is: max([—1;3]) = 3.
The least element of [—1;3] is: min([—1;3]) = —1.
(b) For the set ]0; 1[, We have:

e The upper bounds of ]0; 1] are: [1;+oo].

e The lower bounds of |0; 1] are: | — 00;0].
e The supremum of ]0; 1] is: sup(]0;1[) = 1.
[
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The infimum of ]0; 1] is: inf(]0; 1[) = 0.
The greatest element of |0; 1[: does not exist.
The least element of ]0; 1[: does not exist.
(¢) For the set [—1;3] NZ, We have: [-1;3]NZ = {-1,0,1,2,3}; there-

fore:
e The upper bounds of [-1;3] NZ are: [3;+0o0].
e The lower bounds of [-1;3] N Z are: | — co; —1].
e The supremum of [—1;3] N Z is: sup([—1;3]NZ) = 3.
e The infimum of [-1;3]NZ is: inf([-1;3]NZ) = —1.
e The greatest element of [—1;3] N Z is: max([—1;3]NZ) = 3.
o The least element of [-1;3]| N Z is: min([-1;3]NZ) = —1.

(d) For the set N, We have:

The upper bounds of N do not exist.
The lower bounds of N are: | — c0;0].
The supremum of N does not exist.

The infimum of N is: inf(N) = 0.

The greatest element of N does not exist.
The least element of N is: min(N) = 0.

2. ForthesetA:{%—i— L 'nEN*}.

n2

We have: Vn € N*: % and ,%2 are decreasing for n > 1, so we have:

n>1==1<1 0<i<1 11
1 = " =0<-+-5<2
n>1=-=5<1 0<-.5<1 n o n

n

Thus,



The upper bounds of A are: [2;4o00].

The lower bounds of A are: | — o0;0].

The supremum of A is: sup(4) = 2.
e The infimum of A is: inf(A) = 0.
e The greatest element of A is: max(A) = 2.

o The least element of A does not exist.

3. For the set B = {ﬁ ;T € [0,1]}.

We have:
ze[l]l=0<z<1
=>0<2r <2
=1<2x+1<3
:>1< 1 <1
3 2x+1—
Thus,

The upper bounds of B are: [1;+00[.

e The lower bounds of B are: | — oo, £].

The supremum of B is: sup(B) = 1.

The infimum of B is: inf(B) = 3.

The greatest element of B is: max(B) = 1.

The least element of B is: min(B) = %

Exercise 2:

1. Let’s write the following expressions without absolute value:
(a) f(z) =3+ |z —1|
We have:

5 —1] = x—1 ifze[l;+o0]
-z 41 ifze] ool

Thus,
T+ 2 if z € [1;400
fla) = e ol
—z+4 ifxe€]—o0;l]

(b) g(x) = |z —2| + |2z + 3|
We have:
x—2 ifxze[2;4o0
|z —2| = .
—z+2 ifz €] —o00;2



and

Thus,

|22 — 6]

2
if x
(%)

we have BN A
if x

(+)

Then S

0.1 Exercise 3:

2 if -3
|2x+3|:{m+3 1:56[ 2,—|—oo[

-2z -3 ifz €] —o0;—3

3z+1  ifze[2+o0]

glx) = =3z —1 ifze]—o0;—3]
T+5 ifxe [—%;2[
lx—2] = 3<zx—-2=3 orz—-2=-3
& =5 orx =—1
& S={-1L(

¢t 3

T ¢ mIA

=

lt+1] <2 —6=2+1 or 20 —6=—-x—1

20 —x =17 or 2x+x=25
5

=157}

12 1| (%)

J]—00,~1JU[l,400[=A then 2°—-1>0&|2° -1 =271
2<a?—-1 o 3<2? & V3<Va? e |z>V3
xe}—oo,—\/g}u[\/g,—i—oo[:B

B (BcCA)
L[ -1<0&|2? - 1| = -2 +1

2< —2?24+1 e’<1-222<-1 impossible
B

Let us demonstrate that for all z,y € R:

max(z,y) =

r+y+ |z -yl

r+y—|r—y

and min(z,y) = 5

2 )

1. If z > y, we have: max(z,y) =2 and min(z,y) =1y, and

r+y+lz—yl z+y+(r—-y 2o

:—:x’

2 2 2



and
rhty—le—yl _ety-@-y 2 _
2 2 2 7

If x <y, we have: max(z,y) =y and min(z,y) =z, and

ctytlz—yl r+y—(z—y) 2y
2 2 2 =Y

and
rty—le—yl xt+y+(@—y) 2z
2 o 2 2

Thus, for all z,y € R:

T+y+zr—yl
max(x,y):f

and
: _rty—|z—y
mln(m,y)—f.

0.2 Exercise 4:
1.

o)

Ez) = kkeZesk<z<k+1
-1
0 < 0 941e d<a—1<-2
& 3<z<-1&S5=[-3,-1]
2.
E@2z) = z—-1zx—-1<2x<z and z—1€2Z
& r—-1<2r and2x <z and x—1€Z
& —1<zx andz <0 and z€Z
& —1<z <0and z€7Z
& r=-1
3.

E@)+|lz—-1 ==
e Thefrstcase: t—1>0<2x>1

Ex)+|z—-1 = zeEx)+z—-1==x
& Ela)=leZesl<z<2esxel,?]



e The second case:

E@)+jz—1 = zeE@-z+1l=z
& Ex)=2z-1
& wr—-1<zx<2x—1+1 and2x—-1€Z
& —1<rx—-2r<0 and 2z € Z
s —1<—-z<0 and 2z € Z
< 0O<x<1 and 2z € Z
& leandx:;becausex:;,2x€Z,(2x;€Z)
& S[l,Q[m{;}

0.3 Exercise 5:
r>ty<lz-y=3

1.

E = \/(2$—1)2+\/(2y—2)2

= [2z—1|+ |2y — 2|

22 —1] = 2z-1 and |2y — 2| = —2y + 2

S
v

1
5(:)23621(:)230—120

le2y<2a2—2<0

<
IN

Thus

E = 2x—-1-2y+2
20 — 2y + 1
2rz—y)+1
= 2x3+1=7

2. Showthat%ﬁxglland—%gygl

we have

T -y 3ey=c-3

1
withy < 1 thenx—3§1@§§$§4



and

r—y = 3rx=y+3
1 1
with - < x then - <y+3
2 2
& 1 3 <
9 )
= §< <1
2_21_
3.
F=lz+y—>5/+|z+y+2
we have
1 5
5 < <4 and —igygl
1 5
< §—§§x+y§4+1©—2§x+y§5
& 2-5<zx4+y—5<5-5
& —T<zrz4+y—->5<0andwehave 0 <z +y+2<7
then
lo+y-5=-2x—-y+5
lt+y+2=z+y+2
then

F=—-2—-y+dz+y+2=7



