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Chapter 3
Real functions of real variables

3.4 Logarithmic, exponential and power functions

3.4.1 Logarithmic function

Definition 3.1. We call the natural logarithm and we denote by In the function
that equals 0 at 1 and the unique primitive of the function x — % defined on R7,

In:]0,4+00] — R
x — In(z)

Properties 3.1. (Properties of logarithms)
Let a and b be strictly positive real numbers, and n is a real number:

4. In(a™) =nlna, (for all n € N).

The function z — In(x) is a continuous, strictly increasing function and defines
a bijection of ]0, +o0o[ on R.




3.4. LOGARITHMIC, EXPONENTIAL AND POWER FUNCTIONS

Particular limits:

lim In(z) = 400, lim In(z) = —o0, lim zIn(x) = 0,
T—+00 z—0t z—0t
1 1 1
i 2@ _o g D
r—+oo I x—07F xr

3.4.2 Exponential function

Definition 3.2. The inverse function of In : 0, +oo[ — R is called the exponential
function, noted exp : R — ]0, 400 .
For x € R, we also note e” for exp(z).

Proposition 3.1. The exponential function satisfies the following properties:
1. em?) = 2 Vo €10, +oo[, and In(e®) = z,Vz € R,

2. elath) — ga x b,

5. exp : R —]0, 00| is continuous and strictly increasing function.
6. The exponential function is differentiable and (e*)’ = e*, Va € R.

Particular limits:

lim e* = 400, lim e* =0, lim xe” = 400,
r—r+00 T——00 T—r—+00
. € .oet—1
lim — = 400, lim =1.
r—+400 I x—0 X



3.5. TRIGONOMETRIC FUNCTIONS

3.4.3 Power function

Definition 3.3. The power function of a positive real a is the function f, defined
on R by:
fa(m) —a® = 6aclna.

Remark 3.1. The power function is strictly positive,
Ve e R, a® =" > 0,
Properties 3.2. For all a,b > 0, we have the following equalities:
1. Vz,y € R, a®¥ = a* X a¥ and a* ¥ = %
2. Vo,y € R, (a®)¥ = a™,
3. Yz € R, (ab)* = a® x b*.

Study of the power function:

Let be the function f, defined on R by: f,(z) = a™:

As a® = e*!"¢ it is continuous and differentiable on R; because it is a composition
of continuous and differentiable functions on R. So:

Vo € R, f/(x) = (") = In(a)e*™* = In(a)a”.
The sign of the derivative therefore depends on the sign of In(a). Then:
1. If a > 1, then Vx € R, f!(z) > 0, the power function is increasing.
2. If 0 <a <1, then Vx € R, f/(z) <0, the power function is decreasing.

Particular limits:

a>1 O<axl1
lim a* = 400 lim a* =0
T—+00 Tr—400
lim a¢* =0 lim a* = 400
r—r—00 r—r—00

3.5 Trigonometric functions

3.5.1 Sine and cosine functions

Function sin x cos &
Definition domain | R R
Parity Odd even
Period T=2r|T=2r
Derivative COS T —sinx




3.5. TRIGONOMETRIC FUNCTIONS

Properties 3.3. The sine and cosine functions satisfy the following properties, for
all z € R:

o cos’zr +sin’x = 1,

e cos’z = 3(1+ cos2x),

N | =

(1 — cos2z),

N[

o sin’x =
e sin2xr = 2sinx cosz,

_ 2 S 2 . )
® cos2x =cos’xr —sin“x = —1+2cos“x =1—2sin“ .

Addition formula:
Va,b € R, we have :

sin(a4+0b) = sinacosb+ sinbcosa
sinfa —b) = sinacosb—sinbcosa
cos(a+b) = cosacosb—sinasinb
cos(a —b) = cosacosb+sinasinb

Variations:

The sine and cosine functions are continuous and differentiable on R. Since they
are periodic, with period 27, we can restrict the domain of the study to the interval
of length 2, for example [—m, 7].

3.5.2 Tangent and cotangent functions
Definition 3.4. We call tangent the function tan (or tg) defined by:

sinx

o for all x € R\{A}

r+—— tanzx =
CcoS

where A= {Z +kr/ keZ}.
We call cotangent the function cot defined by:

sy for all x € R\{B}

r+—— cotxr =

inx’
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3.5. TRIGONOMETRIC FUNCTIONS

where B = {kn/ k € Z} .
For all x € R\ {A U B}, we have the equality

cotxr = .
tanx

Derivatives and variations:
The tangent and cotangent functions are continuous and differentiable over their
defined domains and we have:

1
L= =1 ? R\{A
(tan x) g +tan®z, V x € R\{4}
, 1
(cotz) = ——5— = —(1+4cot’z), Vz € R\{B}.
sin” x

The two functions being periodic with period 7 , we can therefore restrict the domain
of the study to an interval of length 7, for example }_7”, 5 [for the tangent and |0, 7]
for the cotangent.

3.5.3 Inverse trigonometric functions
Arccosine function
Consider the cosine function

cos : R—=[-1,1]

T FH— COSZT.

To obtain a bijection from this function, we must consider the restriction of cosine
at interval [0,7]. On this interval the cosine function is continuous and strictly
decreasing, therefore

cos : [0, 7] — [—1,1]

is a bijection. Its inverse function ( bijection ) is the arccosine function:
arccos [—1,1] :— [0, 7].

Thus, by definition of inverse function, we have

5
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Arccosx 4

1. cos(arccosz) = x, Vo € [—1,1],

2. arccos(cosz) = x, Va € [0, 7].

3. If z€0,7], cosz =y < & = arccosy.
4. sin(arccosz) = /1 — 22, Vz € [-1,1].

The derivative of arccos:

(arccos ) = ———, ¥z € ]—1,1].

i

Arcsine function

The sine function has a strictly positive derivative function on }—%, 5 [, so it is a
bijection of [—%, %} on [—1,1]. The inverse of sine function is called an arcsine

function and is denoted arcsin,

T

i : -1,1] — [——,—]

arcsin [ ] 53
r — arcsinz.

Properties 3.4. 1. sin(arcsinz) =z, Vo € [—1,1],
2. arcsin(sinz) =z, Vx € [—%, %} ,
3. sinx =y < x = arcsiny, Vx € [—%,
4. cos(arcsinz) = /1 — 22, Vo € [~1,1],
5. The arcsin function is derivable on | — 1,1[, and we have

1
V1—a?

(B}

],

(arcsinx) =
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Arctangent function

The tangent function has a strictly positive derivative function on | — 7, Z[, so it

is a bijection of [—g, %} on R. The reciprocal bijection is called the arctangent

function and is denoted by arctan
™ +7r[
27 2

x — arctan(z)

arctan @ R —] —

Properties 3.5. 1. tan(arctan(z)) = z,Vz € R,
2. arctan(tan(z)) = z,Vo € [-3, 5],
3. tan(r) =y < v = arctan y, Vo €] — 7, 5[,

4. The arctan function is derivable on R, and we have

1
1+ 22

(arctan(z)) =

7



3.6. HYPERBOLIC AND INVERSE HYPERBOLIC FUNCTIONS

3.6 Hyperbolic and inverse hyperbolic functions

3.6.1 Hyperbolic cosine and its inverse

Definition 3.5. For z € R, the hyperbolic cosine is given by:

e’ +e
2
The function cosh : [0, 4+o00[— [1, +00[ is a bijection.
Its inverse function is Argch : [1,4+o00[— [0, +o0[. (Hyperbolic cosine argument)

coshzx =

Properties 3.6. o V z € [1,+00], cosh(Argch(x)) = .
o Vxel0,+o0], Argch(cosh(z)) = x.
o Vuell +oo], Argch(z) = In(va2? — 1+ x).

e The function Argch is continuous on [1, +ool, differentiable on |1, +oo[ and

(Argch(:t))/ =

22— 1

Figure 3.1: Hyperbolic cosine and hyperbolic cosine argument

3.6.2 Hyperbolic sine and its inverse

Definition 3.6. For z € R, the hyperbolic sine is given by:

x —x

) e’ —e
sinhy = ——
2
sinh : R — R is a continuous, differentiable, strictly increasing function verifying
lim sinhz = 400 and lim sinhx = —oo,
T—+00 T——00
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therefore, sinh is a bijection.
The inverse function is Argsh : R — R. (Hyperbolic sine argument)

Properties 3.7. e Vz € R, sinh(Argsh(z)) = x and Argsh(sinh(x)) = .
e cosh’z —sinh*z = 1.

e (coshz)' =sinhx, (sinhz) = coshz.

Argsh : R — R is strictly increasing and continuous function.
Argsh(z)=In(z + V22 + 1).
Argsh is differentiable and (Argsh(z)) = —-L

241"

Figure 3.2: Hyperbolic sine and hyperbolic sine argument



	Real functions of real variables
	Logarithmic, exponential and power functions
	Logarithmic function
	Exponential function
	Power function

	Trigonometric functions
	Sine and cosine functions
	Tangent and cotangent functions
	Inverse trigonometric functions

	Hyperbolic and inverse hyperbolic functions
	Hyperbolic cosine and its inverse
	Hyperbolic sine and its inverse



