
Solution of Series 3

Exercise 1 :

1. lim
x!0

ln (1 + x2)

sin2 x
= lim

x!0

ln(1+x2)
x2

sin2 x
x2

=
1

1
= 1

2. lim
x!0

x sin x

1� cosx = limx!0
(x sin x) (1 + cosx)

(1� cosx) (1 + cosx) = limx!0
(x sin x) (1 + cosx)

(1� cos2 x) = lim
x!0

(x sin x) (1 + cosx)

sin2 x

= lim
x!0

(x) (1 + cosx)

sin x
= lim

x!0

x

sin x
(1 + cos x)

= lim
x!0

1
sinx
x

(1 + cos x) = 1� 2 = 2
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x!0

x exp

�
1

x
� 1
�
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x!0
x exp

�
1

x

�
exp (�1) = lim

t!+1
e�1

exp t

t
= +1

�
t =

1

x
; x! 0; t! +1

�
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x!+1

�
x
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�x
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x!+1

�
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1
x�2
2

�x
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��
1 +

1
x�2
2

�x�x�2
2
� 2
x�2
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x!+1

 �
1 +

1
x�2
2

�x�2
2

! 2x
x�2

= lim
x!+1

e
2x
x�2 = e2

Exercise 2 :

f(x) =

(
cos2 (�x) ; x � 1
1 +

lnx

x
; x > 1

a. The continuity of f on R :
On ]�1; 1] f is continuous (because f is the product of two continuous functions).
On ]1;+1[ f is continuous (because f is the sum of two continuous functions).
Study the continuity of f at x = 1 :
we have

lim
x!1+

f(x) = lim
x!1+

�
1 +

lnx

x

�
= 1 = f(1)

lim
x!1�

f(x) = lim
x!1�

�
cos2 (�x)

�
= 1 = f(1)

So f is continuous at x = 1 because lim
x!1+

f(x) = lim
x!1�

f(x) = f(1) =) f is continuous on R:

b. The di¤erentiability of f on R :
On ]�1; 1] f is di¤erentiable (because f is the product of two di¤erentiable functions).
On ]1;+1[ f is di¤erentiable (because f is the sum of two di¤erentiable functions).
Study the di¤erentiability of f at x = 1 :
we have

lim
x!1�

f(x)� f(1)
x� 1 = lim

x!1�
cos2 (�x)� 1

x� 1 =
0

0
(I:F )

= lim
x!1�

(cos2 (�x)� 1)0

(x� 1)0
= lim

x!1�
�2� sin (�x) cos (�x)

1
= 0

lim
x!1+

f(x)� f(1)
x� 1 = lim

x!1+

1 + lnx
x
� 1

x� 1 =
0

0
(I:F )

= lim
x!1+

(lnx)0

((x� 1)x)0
= lim

x!1+
1

(2x� 1)x = 1

1



Then lim
x!1�

f(x)� f(1)
x� 1 6= lim

x!1+
f(x)� f(1)
x� 1 =) f is not di¤erentiable at x = 1 =) f is not

di¤erentiable on R:

2. We conclude that : f is continuous on R but it is not di¤erentiable on R =) f is not of
class C1:

Exercise 3 :

f(x) = x2 cos
1

x
Df = ]�1; 0[ [ ]0;+1[

1. f is extendable by continuity at x = 0? Calculate lim
x!0

f(x)

we have

�1 � cos
1

x
� 1 =) lim

x!0

�
�x2

�
� lim

x!0

�
x2 cos

1

x

�
� lim

x!0

�
x2
�

=) lim
x!0

x2 cos
1

x
= 0 (by squeeze theorem)

then f is extendable by continuity at x = 0 and its continuity extension function is :

ef(x) = ( x2 cos
1

x
; x 6= 0

0; x = 0

2. Let�show that f(x)� 1 = 0 admits a solution on
�
3

�
;
4

�

�
;

we set

g(x) = f(x)� 1

the function g is continuous on
�
3

�
;
4

�

�
and, also

g

�
3

�

�
= f

�
3

�

�
� 1 = 9

2�2
� 1 < 0

g

�
4

�

�
= f

�
3

�

�
� 1 = 8

p
2

�2
� 1 > 0

according to the Intermediate value Theorem, there exists at least one solution c 2
�
3

�
;
4

�

�
such that g(c) = 0
Is this solution unique ?
we have

g
0
(x) = (f(x)� 1)0 =

�
x2 cos

1

x

�0
= 2x cos

1

x
+ x2

�
� 1
x2

��
� sin 1

x

�
= 2x cos

1

x
+ sin

1

x
> 0

Then g is strictly increasing on
�
3

�
;
4

�

�
and g

�
3

�

�
� g

�
4

�

�
< 0 then 9!c 2

�
3

�
;
4

�

�
such that

g(c) = 0 ( by Intermediate Value Theorem), the equation f(x) � 1 = 0 admits a unique real

solution on
�
3

�
;
4

�

�
.
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Exercise 4 :

1.

f(x) = arccos(2x� 1)� arcsin(3x2)
Df =

�
x 2 R : �1 � 2x� 1 � 1 and � 1 � 3x2 � 1

	
, �1 � 2x� 1 � 1 and � 1 � 3x2 � 1

, 0 � x � 1 and x2 � 1

3

, x 2 [0; 1] and x 2
�
�1p
3
;
1p
3

�
, x 2

�
0;
1p
3

�
, Df =

�
0;
1p
3

�

2. We calculate f 0; we have (arccosU)0 =
�U 0p
1� U2

; (arcsinU)0 =
U 0p
1� U2

f 0(x) =
� (2x� 1)0q
1� (2x� 1)2

� (3x2)
0q

1� (3x2)2

=
�2q

1� (2x� 1)2
� 6xq

1� (3x2)2

Exercise 5 :

1. Solve the equation

arcsinx = arcsin
2

5
+ arcsin

3

5

with

cos (arcsin x) =
p
1� x2 and

sin (a+ b) = sin a cos b+ sin b cos a

we have

sin (arcsin x) = sin

�
arcsin

2

5
+ arcsin

3

5

�
x = sin

�
arcsin

2

5

�
cos

�
arcsin

3

5

�
+ sin

�
arcsin

3

5

�
cos

�
arcsin

2

5

�
=

2

5
cos

�
arcsin

3

5

�
+
3

5
cos

�
arcsin

2

5

�
x =

2

5

s
1�

�
3

5

�2
+
3

5

s
1�

�
2

5

�2
=
3
p
21 + 8

25

2. Let

g(x) = arctanx+ arctan
1

x
; for all x 2 ]0;+1[

g0(x) =
1

1 + x2
+

� 1
x2

1 +
�
1
x2

�2 = 0
3



So g is constant on ]0;+1[ ; hence

g(x) = g(1) = 2 arctan(1) = 2
��
4

�
=
�

2

) arctanx+ arctan
1

x
=
�

2
Exercise 6 :

1.

sh (arg chx) = ?

we hawe ch2�� sh2� = 1 with � = arg chx

sh2 (arg chx) = ch2 (arg chx)� 1
= x2 � 1
=) sh (arg chx) = �

p
x2 � 1

with arg chx � 0 then sh (arg chx) � 0 then sh (arg chx) =
p
x2 � 1

2.
2ch2x� sh (2x)
x� ln (chx)� ln 2

we have

2ch2x� sh2x = 2

�
ex + e�x

2

�2
�
�
e2x � e�2x

2

�
= e�2x + 1

and

x� ln (chx)� ln 2 = x� ln
�
ex + e�x

2

�
� ln 2

= x� ln
�
ex + e�x

�
+ ln 2� ln 2

= x� ln
�
ex
�
e�2x + 1

��
= x� ln (ex)� ln

�
e�2x + 1

�
= � ln

�
e�2x + 1

�
then

2ch2x� sh (2x)
x� ln (chx)� ln 2 = �

e�2x + 1

ln (e�2x + 1)

3.
cos (arctan x) =?

we have
1

cos2 �
= 1 + tan2 � then cos2 � =

1

1 + tan2 �

for � = (arctanx) ; x 2 R

cos2 (arctanx) =
1

1 + tan2 (arctanx)
=

1

1 + x2

=) cos (arctan x) = �
r

1

1 + x2

with arctanx 2
i
��
2
;
�

2

h
; cos (arctan x) � 0 then

cos (arctan x) =

r
1

1 + x2

4


