Transform-Domain
Representation of
Discrete-Time Signals

o Three useful representations of discrete-
time sequences in the transform domain:

- Discrete-time Fourier Transform
- Discrete Fourier Transform
- Z Transform
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Discrete-Time Fourier
Transform

* Definition - The discrete-time Fourier
transform (DTFT) X(el®) of asequence
X[n] is given by

X(e?)= ¥ xnje 1"
N=—00

e Ingeneral, X(e!®) isacomplex function

of thereal variable m and can be written as
X(ejm) = Xre(ejm) + | Xim(ejm)
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Discrete-Time Fourier
Transform

« Xo(el®) and Xy, (el®) are, respectively,
the real and imaginary parts of X (el®), and
are real functions of o

« X (el®)can aternately be expressed as

X (e)®) = X (el®)elo(©)
where
0(w) = arg{ X (e!®)}
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Discrete-Time Fourier
Transform

. ‘X(ej@)‘iscalledthe magnitude function
* O(w)iscalled the phase function
e Both quantities are again real functions of

* In many applications, the DTFT iscalled
the Fourier spectrum

- Likewise, X (e)®) and 6(w)are called the
magnitude and phase spectra
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Discrete-Time Fourier
Transform
e For area sequence x[n], X(ej‘*’)‘ and Xre(ej@)
are even functions of w, whereas,0(w)
and X;,(el®) are odd functions of ®
e Note: X (ejm) _ X(ej‘”) el6(w+21k)
= X (el®)elb(®)
for any integer k
- mm) The phase function 6(w) cannot be
uniquely specified for any DTFI
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Discrete-Time Fourier
Transform

e Unless otherwise stated, we shall assume
that the phase function 6(w) Isrestricted to
the following range of values.

—t<0(w) <
called the principal value
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Discrete-Time Fourier

heD

Transform
s of some sequences exhibit

discontinuities of 2w In their phase

respoNSses

o An aternate type of phase function that isa
continuous function of w Is often used

 |tisderived from the original phase

21

function by removing the discontinuities of
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Discrete-Time Fourier
Transform

* The process of removing the discontinuities
Is called “unwrapping”

 The continuous phase function generated by
unwrapping is denoted as 0. ()

* |n some cases, discontinuities of T may be
present after unwrapping
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Discrete-Time Fourier
Transform

 Example - The DTFT of the unit sample
seguence 8[n] is given by

AE®)= S §[nje N = §5[0] =1

N=—0o0

* Example - Consider the causal sequence

x(n]=a"un], lo/<l
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Discrete-Time Fourier
Transform

e ItsDTFT isgiven by

X(el®)= Ta unje o= yoleion

N=—o0 Nn=0

o0 .
_ —Joyn _ 1
= Y (o e — .

as ‘oce_j(”‘:\ockl

10
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Discrete-Time Fourier

Transform

he magnitude and phase of the DTF
X (el®)=1/(1-0.5e"!*) are shown below

Magnitude

- - olnt
11
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Discrete-Time Fourier
Transform

« The DTFT X(e!®) of asequence x[n] isa
continuous function of ®

 |tisalso aperiodic function of ®» with a
period 2m:

X (e (@+27K)y _ § x{nje (@0t 2k

N=—00

- — N — i 27tkn & —joan i
N=—0o0 N=—o0
12
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Discrete-Time Fourier

Transform
e Therefore
X(e)= ynje "
N=—00

represents the Fourier series representation
of the periodic function

o Asaresult, the Fourier coefficients x[n] can
be computed from X (e'®) using the Fourier
Integral 1 o

x(n] == [ X(e!*)e/*"dw
21

13 _ _
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Discrete-Time Fourier
Transform

e |nversediscrete-time Fourier transform:
7T . )
== [ X(el®)el®"da
21

 Proof:

=+ Tf ( ix[z]e—i@fjeiwndm
TC

—qt \A=—00

14
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Discrete-Time Fourier
Transform

e The order of integration and summation can
be interchanged If the summation inside the
brackets converges uniformly, i.e. X (e®)
exists

e« Then = j( §x[z]e—i°°fjei@”dm

f=—o0
_ syl L feien-o) sinn(n-/)
= g](Zn_jne j 2 n(n—)

15
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Discrete-Time Fourier

Transform
« Now sinn(n—é):{l n=/,
n(n—/) 0, nz/
=9[n—/]
e Hence
SN - S - = X

{=—00 TC( — ) f=—00

16
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Discrete-Time Fourier
Transform

Convergence Condition - An infinite
series of the form

X(e!®)= Y xnje "
N=—00
may or may not converge

Let . K .
Xk (e'?)= Xxnle 1"
K

N=—

Copyright © 2001, S. K. Mitra



Discrete-Time Fourier
Transform

» Then for uniform convergence of X(ej“’) ,

lim \X(ejw)— xK(eJ'@)\zo
K—o0
 Now, If Xx[n] isan absolutely summable

sequence, 1.e., If

i\x[n]koo

N=—00

18
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Discrete-Time Fourier
Transform

e Then

X (€)= Txnle M < Txn] <o

N=—o0 N=—0o0

e for al vaues of

e Thus, the absolute summability of x[n] iIsa
sufficient condition for the existence of the
DTFT X(e!®)

19 _ _
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Discrete-Time Fourier
Transform

» Example - The sequence X[ n] = a"u[n] for
o <1isabsolutely summable as

e 1

Y =3 "= <o

N=—o0 Nn=0 1_‘(1‘

and its DTFT X (e1®) therefore CONVErges
to 1/(1- ae 1) uniformly

20 _ _
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Discrete-Time Fourier
Transform
e Snce

o0 o0 2
S < S

an absolutely summable sequence has
aways afinite energy

 However, afinite-energy sequence is not
necessarily absolutely summable
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Discrete-Time Fourier
Transform

e Example - The sequence

1/n, n>1
-1 g

n<0
has afinite energy equal to

/1] 2 nz
=3[
n=1

1\ N

6
e But, X[n] Is not absolutely summable

22 _ _
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Discrete-Time Fourier
Transform

* To represent afinite energy sequence x[nj
that Is not absolutely summableby aDTFT
X (e'®), it is necessary to consider a mean-
squar e conver gence of X (el®):

oy _ xK(eJCO)\ dw =0

K—>ow

where

—Tt

Xy (€'°) = ZX[ﬂ]e jor

23 N= |
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Discrete-Time Fourier
Transform

* Here, the total energy of the error
X (") - X (e!*)
must approach zero at each value of ® as K
goes to wo

* |n such acase, the absolute value of the
error | X(e!®)— Xy (e’“’)‘ may not go to
zero as K goesto .o andthe DTFT isno
longer bounded

24 _ _
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Discrete-Time Fourier
Transform

e Example - Consider the DTF
1, 0<|o <o

0, o.<®<m

H p (') =

shown below
Hi p(e!?)

1

Q

7 -0. 0 o. 7«
25 ¢ €
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Discrete-Time Fourier
Transform

e Theinverse DTFT of H, »(e!®) isgiven by

1 9% i
hLP[n]ZZ—Tc jej nd(D

. . 1 —o0< N0
2t N In h

 Theenergy of h p[n] Isgivenby w./mn

 mmm) h p[n] isafinite-energy sequence,
but It I1s not absolutely summable
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Discrete-Time Fourier

Transform
e Asaresult
K : " :
Shplnjeon= 3 S'nnﬁcne““”
n=—K n=—K

does not uniformly convergeto H, p(e'®)

for all values of w, but convergesto H, p(e'®)
IN the mean-sguare sense
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Discrete-Time Fourier
Transform

he mean-sguare convergence property of
the sequence h; p[n] can be further
IHlustrated by examining the plot of the
function

i K Shon __;
joy _ ¢ _—jon
Hipk(e™) n:Z_K n ©

for various values of K as shown next
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Fourier

Discrete-Time

Transform

apnjdw v

oln

COBy”ri%pnt &@9001, PR Mitrd

0.2
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Discrete-Time Fourier
Transform

e Ascan be seen from these plots, iIndependent
of the value of K there are ripples in the plot
of Hyp k (€’®) around both sides of the
point o= o,

e The number of ripplesincreases as K

Increases with the height of the largest ripple
remaining the same for all values of K

Copyright © 2001, S. K. Mitra



Discrete-Time Fourier

Transform
e AskK goes to infinity, the condition

2
Y do=0

K-> o

holds indicating the convergence of H p ¢ (e!®)
to H p(e?)

* Theoscillatory behavior of H p (e!®)
approximating H LF,(e ®) in the mean-
sguare sense at a point of discontinuity Is
known as the Gibbs phenomenon

Copyright © 2001, S. K. Mitra
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Discrete-Time Fourier

Transform

The DTFT can also be defined for acertain
class of sequences which are neither
absolutely summable nor square summable

Examples of such sequences are the unit

step sequence ] n], the sinusoidal sequence
cos(m,n+ ¢) and the exponential sequence A"

For thistype of sequences, aDTFT
representation is possible using the Dirac
delta function é(w)
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Discrete-Time Fourier

Transform

* A Dirac deltafunction 6(w) Is afunction of
@ With infinite height, zero width, and unit
area

 Itisthelimiting form of aunit area pulse

function p, (o) as A goesto zero satisfying
o o 1 | Pa@)
lim [p, (w)do=[5(w)dw A
A—>0_, oo

®
_A 0 A

33 2 2 .
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Discrete-Time Fourier
Transform

* Example - Consider the complex exponential
seguence

xn] =e/*"
e ItsDTFT isgiven by
X (el®) = k _§ 218(0— 0 + 21K)

where () 1san impulse function of m and
34 — TSy ST
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Discrete-Time Fourier
Transform

e The function

X (€)= Y 2r8(w— o, + 21K)
k=—c0
Is aperiodic function of w with aperiod 27
and iscalled aperiodic impulsetrain
o Toverify that X(e!®) given aboveis
indeed the DTFT of x{n] =e’*"we
compute theinverse DTFT of X (e!®)

Copyright © 2001, S. K. Mitra
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Discrete-Time Fourier

Transform
e Thus
X[n] = 1 ch § 210(m— 0, + 21 k)ej“)ndc)
21 _nk=—w0

= [d(o— ooo)ej(”ndoo — @l ®o"
where v&e have used the sampling property
of the Impulse function &(w)

36 _ _
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Commonly Used DTFT Pairs

Sequence DTFT
oln] & 1
1 & > 2nd(w+ 2nk)
k=—00
el §] 210(m — g + 271K)

k=—00

u[n] < 1_. + §n8(w+ 21 K)
1-e Jo k=—o0

1
u[n], (o <) <« .
37 ‘ ‘ 1-oe ©
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DTFT Properties

e There are anumber of important properties
of the DTFT that are useful in signal
processing applications

* These are listed here without proof
o Thelr proofs are quite straightforward

 Welllustrate the applications of some of the
DTFT properties

38 _ _
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Table 3.2:General Properties of
DTFT

Type of Property Sequence Discrete-Time Fourier Transform
gln] G(el®)
h[n] He!™)
Linearity agln] + Bh[n] aG(e/®) + BH(el®)
Time-shifting gln — ng] e~ @0 G (o] W)
Frequency-shifting el @l g(n] G (ef ':‘”_"‘“*‘}')
Differentiation dG(el®)
: ngln] J
in frequency dew
Convolution gln]@h(n] G(e!?)H (e!®)
Modulation g[nlh[n] = /7. Ge!®) H(e/ @) dg
- 1 m . .
Parseval's relation Z glnlh*[n] = — f G(e!“YVH* (el dw
39 H=—00 o =

.Mitra



Table 3.3: DTFT Properties:
Symmetry Relations

Sequence  Discrete-Time Fourier Transform

x[n] X (e!®)
x[=n] X (e~ Iw)
x*[—n] X*(el®)

Re(x[n]}  Xes(e/®) = 3{X(e/®) + X*(e~I®))
jim{x[n]]  Xea(e/®) = 3(X(e/®) — X*(e~I))
Xes[n] Xre(el®)

Xca[n] i Xim(e!®)

Note: Xcs(e/®) and Xca(e/™) are the conjugate-symmetric and conjugate-antisymmetric
parts of X (e/®), respectively. Likewise, xcs[n] and xcq[n] are the conjugate-symmeltric and
conjugate-antisymmetric parts of x[n], respectively.

40 X[n]: A complex sequence
[ ] P . Copyright © 2001, S. K. Mitra



Table 3.4: DTFT Properties:
Symmetry Relations

Sequence Discrete-Time Fourier Transform
t[n] X(e/®) = Xre(e/™) + jXim(e/®)
xey[n] Xre(e!®)
¥od[n] J Xim(e!®)

X(el?9) = X*(e™/™)
Xre(e!®) = Xre(e™1%)

Symmetry relations Xim(e/®) = = Ximle= /%)
| X (e/?)| = | X (e~ %)

arg[ X (e/®)) = — arg|{X (e /%))

Note: xey[n)] and xy4[n] denote the even and odd parts of x[n], respectively.

41 X[n]: A real sequence _ _
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