DTFT Properties

Example - Determine the DTFT Y (e!®) of
yin]=(n+2)a"u[n], o<1
Let X{n]=a"u[n], o<1
We can therefore write
y[n] =nx[n]+ x[n]
From Table 3.1, the DTFT of x[n] isgiven
b |
/ X (e!®) = L
1-ae 1?
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DTFT Properties

« Using the differentiation property of the
DTFT givenin Table 3.2, we observe that

the DTFT of nx[n] isgiven by

dX(e!®) . d [ 1 j_ ae o

J do _JdOD 1-ae @) (1-ae?)?
e Next using the linearity property of the

DTFT givenin Table 3.2 we arrive at

e 1© 1 1

Y(el®) = — + —_— .
(1—oce_1(’°)2 1—ae 1® (1—oce_1(’°)2
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DTFT Properties

. Example - Determine the DTFT V (e!®) of
the sequence v[n] defined by

doMn] +dMn—1] = ped[n] + pd[n—1]
e From Table 3.1, the DTFT of o[n]is1
o Using the time-shifting property of the

DTFT givenin Table 3.2 we observe that
the DTFT of 8[n-1] ise” l© and the DTFET

of v[n—1] is eV (el®)

Copyright © 2001, S. K. Mitra



DTFT Properties

Using the linearity property of Table 3.2 we
then obtain the frequency-domain
representation of

dovin] + dv{n—1] = pd[n] + pd[n—1]
as
doV (€'®) + die 1V (e!®) = py + pe @
Solving the above equation we get
V(ejco) _Pot ple__J(D
dy+d,e '
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Energy Density Spectrum

* Thetotal energy of afinite-energy sequence
g[n] Is given by
© 2
Eg = 2 ‘g[ n] ‘
N=—00
 From Parseval’srelation givenin Table 3.2
we observe that

o0 1 T -
Eq= Toln]’ = [6(e”) do
N=—o0 —

T
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Energy Density Spectrum

e The quantity
.2
Sgg (@) = ‘G(ejw)‘

IS called the energy density spectrum

e The areaunder this curvein the range
—n<o<7n dvided by 2r isthe energy of
the sequence

Copyright © 2001, S. K. Mitra



Energy Density Spectrum

o Example - Compute the energy of the
seguence

SN

hLP[ ]— wn _’ — 0 <N<K
e Here
0 2 1 TC j(D
> hp[n]“=_ [ Hyp(e )‘ do
N=—00 —TT
where 0
- VRO
HLP(eJ(D)=<L oS o
0, o.<®w<m
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Energy Density Spectrum

e Therefore
8 > 1 ° R
She(n?= " Jdo="¢ <
N=—o0 2T _, T

* Hence, h p[n] Isafinite-energy sequence

Copyright © 2001, S. K. Mitra



DTFT Computation Using
MATLAB

he function f r eqz can be used to
compute the values of the DTFT of a
sequence, described as arational function in
In the form of

— joM

| —jo
X (eloy= Pot PiE "+t Py€ }
do+die 1@+ ... +dye1®

at a prescribed set of discrete frequency
points o = w,

Copyright © 2001, S. K. Mitra
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DTFT Computation Using
MATLAB

e For example, the statement
H = fregz(num den, w)

returns the frequency response values as a
vector Hof aDTFT defined in terms of the
vectors numand den containing the
coefficients{ p;} and{d:}, respectively at a
prescribed set of frequencies between 0 and
27 given by the vector w

Copyright © 2001, S. K. Mitra



DTFT Computation Using
MATLAB

e There are several other forms of the
functionf r eqz

 The Program 3 1 in the text can be used to
compute the values of the DTFT of area
seguence

* |t computes the real and Imaginary parts,
and the magnitude and phase of the DTFT

11
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DTFT Computation Using
MATLAB

Example - Plots of the real and imaginary

parts, and the magnitude and phase of the
DTFT

0.008—0.033e™!® +0.05e /2®

—0.033e /3 1 0.008e 4
1+ 237 19 4277120

+1.6e 3% +0.41¢ 14

X (e)®) =

are shown on the next dlide
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Real part

Using

MATLAB

Real part

DTFT Computation

apnyjdw v
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DTFT Computation Using
MATLAB

* Note: The phase spectrum displays a
discontinuity of 2z at @ =0.72

* Thisdiscontinuity can be removed using the
function unwr ap as indicated below

Unwrapped Phase Spectrum

14 0 02 |
/
o Copyright © 2001, S. K. Mitra



Linear Convolution Using
DTFT

 Animportant property of the DTFT Isgiven
oy the convolution theorem in Table 3.2
o |t statesthat if y[n] = X[n]® h[n], then the
DTFT Y (e'®) of y[n] is given by

Y(e'?) =X (e'*)H (e'*)
o Animplication of thisresult isthat the

linear convolution y[n] of the sequences
X[n] and h[n] can be performed as follows:

15
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Linear Convolution Using

DTFT
» 1) Compute the DTFTs X (e/®) and H (e!®)
of the sequences x| n] and h[n], respectively
e 2) Formthe DTFT Y(e!®) =X (e!®)H (/)
o 3) Computethe IDFT y[n] of Y(ej“’)

jo
X[nN] — DTFT &%) Y(ejo))

» IDTET — Y[N]

h[n]—» DTFT H(ejw)

16
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Discrete Fourier Transform

o Definition - The ssimplest relation between a
length-N sequence x[n], defined for
0<n<N-1,anditsDTFT X(e'®) is
obtained by uniformly sampling X (e!®) on
the w-axis between 0< w < 2r at wy = 2nk/ N,
O0<k<N-1

e From the definition of the DTFT we thus have
N-1

XK= X @), = = Mnle T,
=ZTT n:

O0<k<N-1

Copyright © 2001, S. K. Mitra



Discrete Fourier Transform

e Note: X[K] Isalso alength-N sequence in
the frequency domain

* The sequence X[K] iscalled the discrete
Fourier transform (DFT) of the sequence
x[n]

e Using the notation Wy, =e /2" N the

DFT isusually expressed as.

N-1
X[k]= > x{n]W", 0<k <N -1

18 n:O
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Discrete Fourier Transform

e Theinversediscrete Fourier transform
(IDFT) isgiven by

il, == —kn
Xn]=— > X[k]Wy~, 0<n<N-1

N 2o

* To verify the above expression we multiply

both sides of the above equation by Wi{"

and sumtheresult fromn=0ton=N -1

19
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Discrete Fourier Transform

resulting In
N-1 i NZOq N ) p
> W =X | S XKW WA
n=0 n=0\ N k=0
N-1N-1
LYY Xwi kO
N Nn=0 k=0
1 N-IN-1

= =Y XKWtk
N k=on-0

Copyright © 2001, S. K. Mitra
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Discrete Fourier Transform

. I\/I aking use of the identity

-1 .
(k—)n _ [ N, for k—¢=rN, I aninteger
nZOWN { 0, otherwise

we observe that the RHS of the last
eguation is equal to X[/]
e Hence

N—-1
S WY = X[/]
Nn=0

Copyright © 2001, S. K. Mitra



Discrete Fourier Transform

 Example - Consider the length-N sequence

_J1 n=0
X[”]‘{o, 1<n<N-1
e |ts N-point DFT isgiven by
N—1 ) 0
X[k]= > x[n]WN" = X[0]Wy =1
n=0

O0<k<N-1

22
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Discrete Fourier Transform

 Example - Consider the length-N sequence

L nNn=m
MIN=10 0<n<m-1mil<n<N-1

 |ts N-point DFT isgiven by

N kn km km
YIk]= > yIn]WN = YImIWN ™ =Wy
n=0
O<k<N-1

23
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Discrete Fourier Transform

e Examp

e - Consider the length-N sequence

defined for 0<n< N -1

aln

=cos(2nrn/N), 0<r<N-1

o Using atrigonometric identity we can write

oln] = (e

24

j2nrn/ N L e 127crn/N)

_ ;(VVN—rN "'WI{IN )
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Discrete Fourier Transform

 The N-point DFT of g[n] isthus given by

N-1 o
G[k]= 2. gln]Wy
n=0
N-1 N-1
:;( SWCon Ly W&Hk)nj’
n=0 n=0

O0<k<N-1

25

Copyright © 2001, S. K. Mitra



Discrete Fourier Transform

e Making use of the identity

-1 .
(k—)n _ [ N, for k—¢=rN, I aninteger
nZOWN {O otherwise
we get

‘N/2, fork=r
Glk]=<N/2, fork=N-r
- 0, otherwise

O0<k<N-1

Copyright © 2001, S. K. Mitra
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Matrix Relations
 The DFT samples defined by

N-1 K
X[K]= 3 {nWK", 0<k<N-1

n=0
can be expressed in matrix form as
X — DNX
where
X=[X[0] X[Y - X[N-1]"

x=[q0] X1 - [N -1]"

Copyright © 2001, S. K. Mitra
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Matrix Relations

and Dy Isthe Nx NDFT matrix given by

1 1 1
1 Wy WS
1 WS Wi

1 W|$|N_1) WNZ(N—l)

1
N—-1

wiN

W2(N-D)

Copyright © 2001, S. K. Mitra



Matrix Relations

e Likewise, thelD
N-1

relation given by

nl= > X[KJWL ", 0<n<N-1

k=0

can be expressed in matrix form as
X=D\X
whereDy: istheN x N IDFT matrix

29
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Matrix Relations

where
1 1 1 1 i
. (N-1 _(N-1 | _(N-1)2
_1 WN( ) WN (N-1) WN( ) ]
e Note: 1
Dyt =~ D,
N =N

30
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DFT Computation Using
MATLAB

e The functionsto compute the DFT and the
IDFT aref ft andi fft

* These functions make use of FFT
algorithms which are computationally
highly efficient compared to the direct
computation

 Programs 3 2 and 3 4 illustrate the use of
these functions

31
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DFT Computation Using
MATLAB

 Example - Program 3 4 can be used to

compute the DFT and the DTFT of the
seguence

X[ n] = cos(6nn/16), 0<n<15
as shown below

10

o indicates DFT samples

0‘.2 0‘.4 0‘.6 0‘.8 1
Normalized angular frequency Copyright © 2001, S. K. Mitra



DTFT from DFT by
Interpolation

 The N-point DFT X[K] of alength-N
sequence X[ n] Is simply the frequency
samples of its DTFT X (el®) evaluated at N
uniformly spaced freguency points

o=m, =2nk/N, 0<k<N-1

* Giventhe N-point DFT X[k] of alength-N
sequence x[n], its DTFT X (e'®) can be
uniquely determined from X[K]

33
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DTFT from DFT by

Interpolation
e Thus
. N-1
X (€)= xn]elon
n= O
= z 1N21><[k]WN g 1o
N k=0 |

iNzlx[k] Z e j((D an/N)n
Nk=0 = "n=0 y

e
34 S
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DTFT from DFT by
Interpolation

e To develop acompact expression for the
sum S, let
_sRap RV
e Then S=YN5r"
 From the above
rS=YN r"=14+ 3N rN g

=N N 1SN -1

35
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DTFT from DFT by
Interpolation
e Or, equivaently,
S—rS=(1-r)S=1-rN
e Hence

S 1_ r N B 1_ e—j((DN—ZTCk)

T 11 1_ g ilo-@rk/N)]

. ((DN — 21 k)
SN
B 2 . e—j[(oo—27c k/ N)J[(N-1)/2]

o ((DN —Zﬂkj
Sn
2N
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DTFT from DFT by
Interpolation

e Therefore

X (e)®)

AL 2 ) _—il(o=2mki N)][(N=1)/2]
N kzox[k]sin(a)N — 21tk ©

37
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Sampling the DTFT

o Consider asequence X|[n] witha DTFI X(ej“’)
e We sampIeX(ej”)at N equally spaced points
0, =2nk/ N, 0<k <N -1developing the N

frequency samples{ X (e!“%)}
* These N freguency samples can be

considered as an N-point DFT Y[K] whose N-
point IDFT Isalength-N sequence y[n]

38
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Sampling the DTFT

- Now X(el®)= ¥ xjeiof

f=—00

e Thus Y[K]= X(e!®) = X (el?™/Ny

gzxme j2rldiN —gZx[f]W&“
« AnIDFT of Y[K] yields

1 N-1
yinl= | T YIKIW

39
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Sampling the DTFT

N-1 oo
LN S wk
N k=0/=—0

= Y =Y wikh)
{=—00 _N k=0

e l.e. y[n]=

e Making use of the identity

1N kner) [, forr=n+mN
N EOWN B { 0, otherwise

Copyright © 2001, S. K. Mitra
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Sampling the DTFT

we arrive at the desired relation

yin]= > x{[n+mN], 0<n<N-1
M=—00
 Thusy|[n] isobtained from x[n] by adding

an infinite number of shifted replicas of
X[ n], with each replica shifted by an integer
multiple of N sampling instants, and
observing the sum only for the interval
O0<n<N-1

Copyright © 2001, S. K. Mitra
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Sampling the DTFT
* Toapply
y[n] = ix[n+mN], 0<n<N-1

M=—o00
to finite-length sequences, we assume that
the samples outside the specified range are
Z€eros
e Thusif x[n] isalength-M sequence with
M <N, theny[n] =x[n] for 0<n<N-1

Copyright © 2001, S. K. Mitra
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Sampling the DTFT

If M > N, thereisatime-domain aliasing of
samples of x[n] in generating y[n], and X[ n]
cannot be recovered from y[n]

Example-Let{x[n]}:{9 1 2 3 4 5

By sampling its DTFT X (e!?) at o, = 2nk/4
0< k <3and then applying a4-point IDFT to
these samples, we arrive at the sequence y[n]
given by

Copyright © 2001, S. K. Mitra



Sampling the DTFT

y[n]=Xn]+ X n+4]+x[n-4] ,0<n<3
" E (v} ={4 6 2 3

mm) {x[n]} cannot be recovered from {y[n]}

Copyright © 2001, S. K. Mitra



Numerical Computation of the
DTFT Using the DFT

o A practica approach to the numerical
computation of the DTFT of afinite-length
seguence

o Let X(ej“’) bethe DTFT of alength-N
sequence X[ n]

 \We wish to evaluate X(ej“’) at adense grid
of frequencieso, = 2nk/M, 0<k<M -1,
where M >> N:

45
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Numerical Computation of the
DTFT Using the DFT

X(ej(ok) _ Nilx[n] e—joakn _ Nilx[n] e—jZTCkn/M
n=0 n=0
e Define anew sequence

‘x[n], 0<n<N-1
0, N<n<M-1

Xl =

e Then

X (el ) = MZ_lx[n] o 2Tk

n=0
46
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Numerical Computation of the
DTFT Using the DFT

 Thus X(ej‘”k)is essentially an M-point DFT
XelK] of the length-M sequence X[ N}
 The DFT X[k] can be computed very

efficiently using the FFT algorithm if M is
an integer power of 2

e Thefunctionf r eqz employs this approach
to evaluate the frequency response at a
prescribed set of frequenciesof aDTFT
expressed as arational functionin e /¢

Copyright © 2001, S. K. Mitra
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DFT Properties

o Likethe DTFT, the DFT also satisfies a
number of properties that are useful In
signal processing applications

o Some of these properties are essentially
Identical to those of the DTFT, while some
others are somewhat different

o A summary of the DFT properties are given
In tables in the following slides

48
Copyright © 2001, S. K. Mitra



Table 3.5: General Properties
of DFT

Type of Property Length-N Sequence N-point DFT
gln] Glk]
hln] Hk)
Linearity agln] + Bhn] aF[k] 4+ BH[k]
Circular time-shifting glin —noly] Wﬁ.-ﬂ"ﬂik]
Circular —kon
W, r — Ko) N
frequency-shifting Nl Gl = ko]
Duality Gln] Ngl(—k)n]
N-point circular Nf;] [mlk[{n — m)n] Gk1H k]
convolution m—=0) s 'ﬁ'
_ N=1
Modulation gln]hn] i L GImlH[k —m)y]

=[]

Parseval’s relation

N-—1
z x[n]|?
49 n=0

I N-1
== 2 XK
k=0

= TrrJ-" o7

—_ ___1,S K.Mitra
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Table 3.6: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k]
x*[n] X*[(=k}n]
x*[{=n)n] X*[k]
Re(x([n]] Xpeslk] = é[i’f{ﬁiﬁl + X" [{(—k)n])
j Im{x[n]} Xpealk] = 5 (X[k)n] — X*[{(—k)n1)
-":pf.s[ﬂ] Re{X[k]}
Xpealn] JIm{X[k]}

MNote: Ipcg.;[ﬂ] and xpea|n] are the periodic conjugate-symmetric and
periodic conjugate-antisymmetric parts of x[n], respectively. Likewise,
X pes[k] and X peq [k] are the periodic conjugate-symmetric and periodic
conjugate-antisymmetric parts of X [k], respectively.

X[n] isacomplex Sequence  copyright © 2001, S. K. Mitra



Table 3.7: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x|n] X[k] = Re{X[k]] + j Im([X[k]]
xpeln] Re{X[k])
Xpaln] JIm{X[k]]

X[k] = X*[{—k}n]
Re X[k] = Re X[(—k)n]
Symmetry relations ImX[k] = =Im X[{=k)pn]

| X[k]| = [X[{=k)yw]l

arg X[k] = —arg X[{—k)y]

Note: xpe[n] and xpo[n] are the periodic even and periodic odd part:
of x[n], respectively.

ol x[n] isareal sequence | |
Copyright © 2001, S. K. Mitra



Circular Shift of a Sequence

e Thisproperty is anaogous to the time-
shifting property of the DTFT asgiven in
Table 3.2, but with a subtle difference

e Consider length-N sequences defined for
O0<n<N-1

o Sample values of such sequences are equal
to zero for valuesof n<0andn= N

52
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Circular Shift of a Sequence

o If X[n] Issuch aseguence, then for any
arbitrary integer n,, the shifted sequence
Xl[n] — X[n_ no]
IS no longer defined for therange0<n< N -1

* \We thus need to define another type of a
snift that will always keep the shifted
sequenceintherange0<n< N -1

23
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Circular Shift of a Sequence

* The desired shift, called the circular shift,
IS defined using a modul o operation:

Xe[n] =X<{N—ny) ]
e For n, >0 (right circular shift), the above
equation implies

] = X[n—-ny], forng<n<N-1
Xl = XIN—-ny+n], forO<n<n,

A
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Circular Shift of a Sequence

o |llustration of the concept of acircular shift

Eilahtiﬂ []TLT’[-LI‘SH I1?3Tj”
X n] X[(N-1¢] X[(n—4g]
= X[(n+ 5)¢] = X[(n+ 2)¢]

25
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Circular Shift of a Sequence

e Ascan be seen from the previous figure, a
right circular snift by n, Isequivalent to a
left circular shift by N —n, sample periods

A circular snift by an integer number n,

greater than N is equivalent to acircular
shift by (n,)n

o6
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Circular Convolution

e Thisoperation is analogous to linear
convolution, but with a subtle difference

e Consider two length-N sequences, g[n] and
h[n], respectively

o Thelr linear convolution results in alength-

(2N -1) sequencey, [n] given by
yL[n]= Zlg[m]h[n m], 0<n<2N-2

m=0
57
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Circular Convolution

 |n computing y, [n] we have assumed that
noth length-N seguences have been zero-
padded to extend their lengthsto 2N -1

* Thelonger form of y; [Nn] results from the
time-reversal of the sequence h[n] and its
linear shift to the right

e Thefirst nonzero valueof y, [Nn] is

y; [0] = g[0]h[Q], and the last nonzero value
is y [2N 2] = g[N —1h[N —1]

58
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Circular Convolution

» To develop aconvolution-like operation
resulting 1n alength-N sequence y-[n], we
need to define acircular time-reversal, and
then apply acircular time-shift

» Resulting operation, called a circular
convolution IS defined by

ycln] = zg[m]h[<n myy], 0<n<N-1

m=0

29
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Circular Convolution

e Since the operation defined involves two
length-N sequences, It Is often referred to as
an N-point circular convolution, denoted as

y[n] = g[n]™ h[n]
 The circular convolution Is commutative,
|.e.
glnf@h[n] = h[n]™g[n]

60
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Circular Convolution

e Example - Determine the 4-point circular

convolution of the two

{g[n]}={% 2 0 1, {

as sketched below

I gln]
10 o)

B
0O 1 2 3

61

ength-4 seguences.

nj}=2 2 1 1
T

20 ¢ hin]

n

[ T
01 2 3
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Circular Convolution

» Theresult isalength-4 sequence y-[n]
given by

Vel = lnlin] = 3 glmiRn-m),)

 From the above we observe Usns3

Yelol = Sglmihi(-m),]

= 0[Ol h[O] + g[1 h[3] + o[ 2] N 2] + g[ 3] h[1]
62 =(Ix2)+(2xD)+(0x)+(1x2)=6
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Circular Convolution
* Likewise yc[l] = Zg[m] h[(1—m)4]

m=0

= g[O] h{1] + g[1] h[O] + g[2] h[3] + g[3] N[ 2]
=(1x2)+(2x2)+(0xD)+(Ax) =7

Yel21 = elmihi(2-m,]

= g[O]h(2] + g[1] h(1] + g[2] N[ O] + g[ 3] h( 3]
=(1xD+(2x2)+(0x2)+(1x1) =6

63
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Circular Convolution

and
Yel3] = Zg[m]h[<3 m 4]

= 9[0] N3]+ gl h[2] + g[2] h{1] + g[3] (O]
=(1x1) + (2><“1) +(0x2)+(1x2)=5

¥

| | yeln]

+ The circular convolution can also be
computed using a DFT-based approach as
64  Indicated in Table 3.5
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Circular Convolution

e Example - Consider the two length-4
sequences repeated below for convenience:

20
10

g[n]

n

0 1 2

3

20 o

h{n]

n

[ T
01 2 3

 The4-point DFT G[k] of g[n] isgiven by

G[k] =g[0

+g[l]e 127K/

—1+42e K2  am137KI2 oK <3

65
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Circular Convolution

* Therefore G[0]=1+2+1=4,
G[l]=1-)2+)=1-],
G[2]=1-2-1=-2,
G[3]=1+ )2— ] =1+ |

o Likewise,

H[K] = h[0] + h[1] e~ 127/

4+ h[2] e—j47[k/4 4 h[3] e—j67[k/4

=240 1AKI2 L omiak L o 137KI2 oK< 3

66
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Circular Convolution

 Hence, H[0]=2+2+1+1=6,
H[l]=2-)2-1+ | =1—|,
H[2]=2-2+1-1=0,

H[3]=2+]2-1- | =1+ ]

e Thetwo 4-point DFTs can also be

computed using the matrix relation given
earlier

67
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Circular Convolution

- g[0]

o[l

h{1]
h 2|

| h[3]_

92
9[3
HaT

1 1 1 111 4
1 -] =1 ) |2 |1-]
1 -1 1 -1(0| | =2
1 7 -1 —-jI1] |1+
1 1 1 112] | 6 ]
1 —) -1 ) |[2] |1-]
1 -1 1 =11 | O
1 7 -1 —j1] |1+

D, Isthe 4-point DFT matrix
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Circular Convolution

 If Yc[k] denotesthe 4-point DFT of yc[n]
then from Table 3.5 we observe

Yo[K] = G[K]H[K], 0<k <3

 Thus
YclOl| [GIOJH[O]| [ 24~
Yelll | _| GIH[Y | _|-]j2
Yo[2]| T | G[2]H[2]|~| ©
Yc[3]] LGI3IH[Z L 12

69
Copyright © 2001, S. K. Mitra



Circular Convolution

e A 4-point IDFT of Y.[k] yields
yelO] Yc[O]
yelt | _ 1« Yeld
51 |=-Da
yel2l| 47| Yc[2]
Yel3[ Yel3l

|
O10NO
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Circular Convolution

e Example - Now let us extended the two

length-4 sequencesto length 7 by
appending each with three zero-valued

samples, I.e.

el = {g[ol’,]],

SemLL

0<n<3
4<n<6

0<n<3
4<n<6

Copyright © 2001, S. K. Mitra



Circular Convolution

* \We next determine the 7-point circular
convolution of gg[n]and hy[n]:

fnl= 2gdmin(n-m], 0<n=6

e Fromt

+ Jel 3]he

12

ne above Y[0] = ge[O1he[0] + gel1] e[ 6]

4] + gel 4hel 3] + el S]Ne[ 2] + gel 6] e[ 1)

— g[O]N[0] =1x 2= 2
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e Continuing t

=900

y[1

vl 2

/3

Circular Convolution

=00

N[1]+gl1]

N[O]

2]+ g[1

h1

Ne process we arrive at

— (1x2)+(2x 2) = 6,
+ g[2]h[O]

=(1xD)+(2x2)+(0x2) =5,
y[3] = 9[O]h[3] + g[LN 2] + g[2]h[1] + g[3]h[C]
=(IxD+(2xD+(0x2)+(1x 2) =5,

yl4] = gl1fh( 3]+ g[2]h[ 2] + g[3]n[1]
=(2x1) + (0xD) +(Ix 2) =4,

Copyright © 2001, S. K. Mitra



Circular Convolution
y[3] = 9[2]h[3] + g[3]n[2] = (0x1) + (1x1) =1,
y[6] = g[3]h[3] = (1x1) =1
e Ascan be seen from the above that y[n] Is

precisely the sequence Yy, [n] obtained by a
linear convolution of g[n] and h[n]

69 yL[n]

0 05
Q4

| ?
5
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Circular Convolution

* The N-point circular convolution can be
written in matrix form as

yc[Ol | [ hO] hN-2 h[N-2] - h| o[0]

yell] N[1] h[0] h[N-] --- hZ2]| o[l

ve[2l |=| n2l  hy  ho] - h3]| g[2
yo[N=1| |h[N-1] h[N-2] h[N-3] --- h[0]] g[N-1]

* Note: The elements of each diagonal of the
N x N matrix are equal

e Such amatrix iscaled acirculant matrix

Copyright © 2001, S. K. Mitra
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