Analog Lowpass Filter

Specifications

e Typical magnitude response |H,(j<Q)| of an
analog lowpass filter may be given as
Indicated below

| Hati|
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Analog Lowpass Filter

Specifications

* Inthe passband, defined by 0<Q<Q , we
reguire
1-8, < H, (jQ) <1+5,, Q<Q

|.e.,

H,(jQ) approximates unity within an

error of +9,,
* Inthe stopband, defined by Q_ < Q <0, We
require

|.e.,

I_

Ha(jﬂ)‘ <0g, Q< ‘Q‘ < oo
. (1) approximates zero within an

error of 6
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Analog Lowpass Filter
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Specifications

passband edge frequency

stopband edge frequency

peak ripple value in the passband
peak ripple value in the stopband
Peak passband ripple
o, =—20l0g;5(1-6) dB
Minimum stopband attenuation

as =—20l0gn(6:) dB
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Analog Lowpass Filter

Specifications

* Magnitude specifications may alternately be
given in anormalized form as indicated
below

IH;;djﬂili
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Analog Lowpass Filter

Specifications

e Here, the maximum value of the magnitude
In the passband assumed to be unity

o 1/+/1+ £2- Maximum passband deviation,
given by the minimum value of the
magnitude in the passband

o1

A Maximum stopband magnitude
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Analog Lowpass Filter Design
o Two additional parameters are defined -

L _ O
(1) Transition ratio k = Q_p

S

For alowpassfilter k<1

(2) Discrimination parameter klz%; .

Usually k, <<1
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Butterworth Approximation

* The magnitude-sguare response of an N-th
order analog lowpass Butterworth filter
IS given by

. 1
‘Ha(JQ)‘Z —

1+(Q/ Q)N
» First 2N -1 derivatives of [H,(jQ)° at Q=0
are equal to zero

e The Butterworth lowpass filter thusis said
to have a maximally-flat magnitude at — g
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Butterworth Approximation

» GainindB is G(Q)=10log,,H,(jQ)°

e AsG(0)=0 and
G(Q.) =10l0g,,(0.5) =-3.0103= -3dB
Q. Iscalled the 3-dB cutoff frequency
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Butterworth Approximation

ypical magnitude responses with Q_ =1

Butterworth Filter
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Butterworth Approximation

e Two parameters completely characterizing a
Butterworth lowpass filter are Q. and N

* These are determined from the specified
bandedges Qand ), and m| nimum
passband magnltude 1/1+ £ and
maximum stopband ripple 1/ A

10
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Butterworth Approximation

« Q.and N arethusdetermined from

1 1
H_(]
Ha(l )‘ 1+(Q,/Q)*N T 1462
H,(jQq) = L -1

1+(Q./Q )N A

» S0lving the above we get

_1 l0g;o[ (A% —1)/ &°] _10gy(1/k)
2 100,5(€25/€2) 100, (1/K)

11
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Butterworth Approximation

e Since order N must be an integer, value
obtained is rounded up to the next highest
Integer

* Thisvalueof N isused next to determine Q.

oy satisfying elther the stopband edge or the

nassband edge specification exactly

* |f the stopband edge specification is
satisfied, then the passband edge
specification Is exceeded providing a safety
margin

12
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Butterworth Approximation

o Transfer function of an analog Butterworth
lowpass filter is given by

N N
Ha 9= 5= v oo =

p( :chj[ﬂ'(N-l—Zf—l)/ZN]’ 1£€ S N

» Denominator Dy (s) Isknown asthe
Butterworth polynomial of order N

13
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Butterworth Approximation

« Example - Determine the lowest order of a
Butterworth lowpass filter with a 1-dB cutoff
frequency at 1 kHz and a minimum attenuation of 40
dB at 5 kHz

e Now 1
10lo —= - |=-1
glO(lJrgz)

which yields ¢? = 0.25895

and 1
1Ologlo(A2j =—-40
which yields A% =10,000

14
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Butterworth Approximation

2
. Therefore 1_V A =1_19651334

k
and L_%s_5
O
P
e Hence
N = 1090 K) _ 55614
l0g,,(1/K)

e WechooseN =4

15
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Chebyshev Approximation

he magnitude-sguare response of an N-th
order analog lowpass Type 1 Chebyshev filter
IS given by

‘Ha(s)‘z —

1
1+ T (Q/Q )

where Ty (Q2) 1sthe Chebyshev polynomial
of order N:

- cos(NcostQ), Q<1

Ty () =+
v(€) cosh(Ncosh™Q), [Q>1
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Chebyshev Approximation

o Typical magnitude response plots of the
analog lowpass Type 1 Chebyshev filter are

shown below
Type 1 Chebyshev Filter

Z Z Z
(I I L
o wWN
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Chebyshev Approximation

e |f at Q=0Q_ the magnitude isequal to /A,
then

H,(jQ)P = L -1
Ha(192) 1+ TG (Qs/Q,) A

« S0lving the above we get
N — cosh (v A?—1/&) _cosh™(1/k,)
cosh™(Q,/Q,)  cosh™(1/K)

e Order N Is chosen as the nearest integer

greater than or equal to the above value
18
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Chebyshev Approximation

he magnitude-sguare response of an N-th
order analog lowpass Type 2 Chebyshev
(also called inver se Chebyshev) filter Is

given by
‘Ha(jQ)‘z —

1
2_TN (Qs/Qp)_
Ty (Q/QY)

where T (Q2) isthe Chebyshev polynomial
of order N

1+ ¢
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Chebyshev Approximation

o Typical magnitude response plots of the
analog lowpass Type 2 Chebyshev filter are

shown below
Type 2 Chebyshev Filter
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Chebyshev Approximation

 Theorder N of the Type 2 Chebyshev filter
IS determined from given e, Q. and A
using
N — cosh (v A*~1/g) cosh™(1/k)
cosh™(Q,/Q,)  cosh™(1/k)
 Example - Determine the lowest order of a

Chebyshev lowpass filter with a 1-dB cutoff
frequency at 1 kHz and a minimum attenuation of

40dB at 5 kHz -
N cosh™(1/k;)
21 cosh™(1/k)

= 2.6059
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Elliptic Approximation

he sgquare-magnitude response of an
elliptic lowpass filter isgiven by

. 1

H,(jQ)” =

Ha(i) 1+ &Ry (Q/Q )
where Ry (€2) iIsarational function of order

N satisfying Ry (1/ QQ) =1/ R (), with the
roots of its numerator lying in the interval

0< O <1 andtheroots of Its denominator
lying inthe interval 1< Q < oo
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Elliptic Approximation

« ForgivenQ , Q, g, and A, thefilter order
can be estimated using
N ~ 2 100,5(4/ky)

~ logy,(1/ p)
where k'=+1—Kk?
e = 1-JK'
O 211+ VK

P=pPot 2(,00)5 T 15(,00)9 T 150(,00)13
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Elliptic Approximation

Example - Determine the lowest order of aelliptic

lowpass filter with a 1-dB cutoff frequency at 1
kHz and a minimum attenuation of 40 dB at 5 kHz

Note: k= 0.2 and 1/k; =196.5134
Substituting these values we get
k'=0.979796, 0o = 0.00255135,

o =0.0025513525
and hence N = 2.23308

Choose N = 3
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Elliptic Approximation

ypical magnitude response plotswith Q , =1

are shown below
Elliptic Filter

= 04/
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Analog Lowpass Filter Design

 Example - Design an dlliptic lowpass filter
of lowest order with a 1-dB cutoff
frequency at 1 kHz and a minimum
attenuation of 40 dB at 5 kHz

e Code fragments used
[N, Wn] = ellipord(Wp, WSs, Rp, Rs, ‘s’);
[b, a] =ellip(N, Rp, Rs, Wn, ‘s’);
with  Wp = 2*pi*1000;
Ws = 2*p1*5000;
Rp =1,
26 Rs = 40;
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Analog Lowpass Filter

o Gain plot

L owpass Elliptic Filter

0 2000 4000 6000
Frequency, Hz

Design
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Design of Analog Highpass,
Bandpass and Bandstop Filters

o Stepsinvolved in the design process:

Step 1 - Develop of specifications of a
prototype analog lowpass filter H| p(S)
from specifications’of desired analog filter
Hp (S) using afrequency transformation
Step 2 - Design the prototype analog
lowpass filter

Step 3 - Determine the transfer functionHp (s)
of desired analog filter by applying the
inverse frequency transformation to H p(S)

Copyright © 2001, S. K. Mitra




29

Design of Analog Highpass,

Bandpass and Bandstop Filters

 Let sdenotethe Laplace transform variable
of prototype analog lowpassfilter H| p(S)
and S denote the Laplace transform
variable of desired analog filter Hp ()

e The mapping from s-domainto §-domainis
given by the invertible transformation

s=F(5)
» Then Hp(§)= HLP(S)‘SZF(g)

Hip(s)= Hp (S

§&=F~(s)
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Analog Highpass Filter Design
o Spectral Transformation:
S — (2 pAQ P
S
where Q) , Is the passband edge frequency of

H, p(S) and Q IS the passband edge
frequency of H Hp(s)

e On theimaginary axisthe transformation is
(2 IOAQ P
Q

(Q=—
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Analog Highpass Filter Design
Qpﬁp
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Analog Highpass Filter Design

 Example - Design an analog Butterworth
highpass filter with the specifications:
Fo=4kHz,Fs=1kHz, a., =0.1dB,
as=40dB

« Choose ), =1

e Then 0. - 2nk, _ Fo _ 4000 _
2nF, F, 1000
* Analog lowpass filter specifications: 2, =1,

Qs=4,0,=01dB,os=40dB

Copyright © 2001, S. K. Mitra




Analog Highpass Filter Design

o Code fragments used

‘N, Wn] = buttord(1, 4, 0.1, 40, ‘s’);
B, A] = butter(N, Wn, ‘s’);

num, den] = Ip2hp(B, A, 2*pi1*4000);
o Ganplots

Prototype Lowpass Filter Highpass Filter

””””””””””””””””””””””””””””

Gain, dB

***************************************

4 6 8 10
Freguency, kHz
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Analog Bandpass Filter

Design
o Spectral Transformatlon

2
S+Q
SQ - L

S(Q p2 €) pl)
where €, Is the passband edge frequency
of H, p(s), and Q o1 and 0 o2 arethe lower

and upper passband edge frequencies of
desired bandpassfilter Hgp(5)
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Analog Bandpass Filter

Design
e Ontheimaginary axisthe transformation is
O2 2
P OB,
where B, =Q , -, isthewidth of
passpand and Q) Isthe passband center
freguency of the bandpass filter

« Passband edge frequency + Q, IS mapped
into ¥ O o1 and +Qp2, lower and upper
passband edge frequencies

Q=-0

35
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Analog Bandpass Filter
Design

N2 N2
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Analog Bandpass Filter
Design
Stopband edge frequency + Q¢ Is mapped
into F Q4 and +Q, , lower and upper
stopband edge frequencies

Also,

Qg = (2 p1Q p2 — (24Q,

If bandedge frequencies do not satisfy the
above condition, then one of the frequencies
needs to be changed to a new value so that

the condition Is satisfied
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Analog Bandpass Filter
Design
e Caxel: O plﬂ 02 > Qslﬂsz
To makeQ plﬂ 02 = = Q40 We can either
Increase any one of the stopband edges or

decrease any one of the passband edges as
shown below

Passband (a

—
Stopband \.I—> Stopband
ésl Qpl
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Analog Bandpass Filter
Design

(1) Decrease ), to Qg /Q
—) larger passhand and shorter
leftmost transition band

(2) Increase Qg 10 Q1 Q 1, 1Q,
—> No change in passband and shorter
leftmost transition band

39
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Analog Bandpass Filter
Design

» Note: The condition Qf = ,Q , = Q4O
can also be satisfied by decreasing Q ,
which Is not acceptable as the passband Is
reduced from the desired value

o Alternately, the condition can be satisfied
by increasing Q., which is not acceptable
as the rightmost transition band is increased

Copyright © 2001, S. K. Mitra
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Analog Bandpass Filter
Design
e Case?2: Q,\plﬁ,\pz < éflﬁfz
To make Q1 Q 5, =QyQg, we can either
decrease any one of the stopband edges or

INncrease any one of the passband edges as
shown below

—> Passband

—
« /| N\
Stopband ! | | | Stopband &
éSl épl épZ QSZ
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Analog Bandpass Filter
Design

(1) Increase Qppto QgQe /Oy
—) larger passhand and shorter
rightmost transition band

(2) Decrease€Qg, t0 Q2 Q) ny /1 Qg
—> No change in passband and shorter
rightmost transition band

42
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Analog Bandpass Filter
Design
e Note: The condition QZ = O plfl p2 = Qg
can also be satisfied by increasing Q

which Is not acceptable as the passband is
reduced from the desired value

o Alternately, the condition can be satisfied
by decreasing Q4 which is not acceptable
as the leftmost transition band is increased
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Analog Bandpass Filter

Design
 Example - Design an analog €lliptic
bandpass filter with the specifications:
Fo=4kHz, Fy, =7 kHz, Fy =3 kHz
F., =8 kHz, a, =1dB, a. =22 dB

S

» Now FyFp, =28x10°and Ry, =24x10°
e SInce Fple2 > F = <o We choose
= ol = F S2/ sz =3.571428 kHz
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Analog Bandpass Filter
Design

e \We choose Qp =1

e Hence
- 24—-9 14
(25/7)%x 3

* Analog lowpass filter specifications: Q, =1,
Q. =14, a,=1dB, a, =22 dB
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Analog Bandpass Filter

e Code fragments uIsDegmgn

‘N, Wn] =ellipord(1, 1.4, 1, 22, ‘s’);
B, Al =ellip(N, 1, 22, Wn, ‘s’);

‘num, den]
= Ip2bp(B, A, 2*pi*4.8989795, 2*pi*25/7);
e Gan plot

Prototype L owpass Filter Bandpass Filter

0 5 10 15
Frequengyykbla © 2001, S. K. Mitra




47

Analog Bandstop Filter Design

o Spectral Transformation
é(f)s.z _Aésl)
§2 + )2
where Q. Isthe stopband edge frequency

of H p(s), and Q4 and Q, arethe lower

and upper stopband edge frequencies of the
desired bandstop filter Hgg(5)

S=0Q.
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Analog Bandstop Filter Design

e Ontheimaginary axisthe transformation is
Q=0Q.~ ?B"L’ >
Q5 —Q
where B, = Q., — Q4 isthe width of
stopband and f)o IS the stopband center
frequency of the bandstop filter

» Stopband edge frequency + Q. is mapped
into +Qgand Q4 , lower and upper
stopband edge frequencies

48
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Analog Bandstop Filter Design

» Passpand edge frequency +Q, IS mapped
into FO o1 8nd +Qp2 , lower and upper
passhand edge frequencies

e Also,
Qg = (2 p1Q p2 — (24Q,
 |f bandedge frequencies do not satisfy the
above condition, then one of the frequencies
needs to be changed to a new value so that
the condition is satisfied

49
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Analog Bandstop Filter Design

» Case1: Q0 , > Qg0

» TomakeQ Q5 =QyQg, e can either
Increase any one of the stopband edges or

decrease any one of the passband edges as
shown below

50
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Analog Bandstop Filter Design

(1) DecreaseQ ;,t0 QuQ, /A,
= larger high-frequency passband
and shorter rightmost transition band
(2) Increase Qg to QO L1,
—> No change in passbands and
shorter rightmost transition band

ol
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Analog Bandstop Filter Design

» Note: The condition Qf = 1O, = Q4O
can also be satistied by decreasing Q
which Is not acceptable as the |ow-
frequency passband Is reduced from the
desired value

* Alternately, the condition can be satisfied
by increasing (24 Which is not acceptable
as the leftmost transition band is increased
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Analog Bandstop Filter Design

e Casel: Q p]_Q D2 < QS].QSZ
e TomakeQ 1Q 02 = = Q4O We can either
decrease any one of the stopband edges or

Increase any one of the passband edges as
shown below

53
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Analog Bandstop Filter Design

(1) Increase Q y t0 QgQe /Oy
—) larger passband and shorter
leftmost transition band

(2) Decrease Qg t0 Q Qo 1 Qg

—> No change in passbands and
shorter leftmost transition band

A
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Analog Bandstop Filter Design

» Note: The condition Qf = ,Q , = Q4O
can also be satisfied by increasing €2,
which Is not acceptable as the high-
frequency passband is decreased from the
desired value

* Alternately, the condition can be satisfied
by decreasing 2., which is not acceptable
as the stopband Is decreased
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