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Cartesian

Coordinates



• The cartesian coordinates of a point M are  
(x,y,z) The vector OM wish relie between the 
origin point and point M is writen as : 

𝑂𝑀=
→

𝑋𝑖+
→

𝑌𝑗+
→

𝑍𝑘
→

• X : is the axis of the point M.
• Y: is the ordonate of the point M.
• Z: is the height of the point M.



• Position vector:
OM = xԦi + yԦj + zk

• Velocity vector:

v =
dOM

dt
=
dx

dt
Ԧi +

dy

dt
Ԧj +

dz

dt
k

v = ሶxԦi + ሶyԦj + ሶzk

• Acceleration vector :

a =
dv

dt
=

dvx

dt
Ԧi +

dvy

dt
Ԧj +

dvz

dt
k

= d
2OM

dt
=

d 2x

dt 2
Ԧi +

d 2y

dt 2
Ԧj +

d 2z

dt 2
k

a = ሷxԦi + ሷyԦj + ሷzk



Polar Coordinates

r cosθ

r 
s
in
θ

𝑢𝑟 = 𝑢𝜃 = 1

0 ≤ 𝑟 < +∞
0 ≤ θ < 2𝜋



Convert Polar to Cartesian:
𝑟
𝜃

→
𝑥
𝑦 : ቊ

𝑥 = 𝑟. 𝑐𝑜𝑠𝜃
𝑦 = 𝑟. 𝑠𝑖𝑛𝜃

Convert Cartesian to Polar:
𝑥
𝑦 →

𝑟
𝜃

: ቐ
𝑟 = 𝑥2 + 𝑦2

tg(𝜃) =
𝑥

𝑦



• In polar system the coordinates of a point M are (r, θ)
r: is the distance between the origin and the point M
θ : is the angle between the axis(x) and the vector OM

• We define the polar basis by the orthonormal basis
( Ur
→ , Uθ→ ) such as :

*𝑢𝑟 𝑒𝑡 𝑢𝜃 : unit vectors of the system
𝑢𝑟 Unit vector following the direction of the position vector  
Oℳ

𝑢𝜃 : Unit vector perpendicular to 𝑢𝑟 by rotating 𝜋/2 of the 
vector Oℳ



In the Cartesian frame:

Oℳ = xԦi + yԦj = r cos θ. Ԧi + r sin θ. Ԧj = r (cos θ. Ԧi + sin θ. Ԧj)

where ur = (cos θ. Ԧi + sin θ. Ԧj)

Position vector: According to polar coordinates, 𝑂𝑀 is 
written as follows

𝑂𝑀 𝑡 = Oℳ . 𝑢𝑟
Ԧr = 𝑟. 𝑢𝑟

ur:The unit vector is mounted on the position vector:

ur =
Oℳ

Oℳ
=
Ԧ𝑟

r

RQ:  θ and r depend on time: r = f(t) And θ = g (t)



• The polar base is written in terms of the 
Cartesian base as follows:

• ൝
𝑢𝑟 = 𝑐𝑜𝑠𝜃 Ԧ𝑖 + 𝑠𝑖𝑛𝜃 Ԧ𝑗

𝑢𝜃 = −𝑠𝑖𝑛𝜃Ԧ𝑖 + 𝑐𝑜𝑠𝜃 Ԧ𝑗

• ൞

𝑑𝑢𝑟

𝑑𝑡
= − ሶ𝜃 𝑠𝑖𝑛𝜃 Ԧ𝑖 + ሶ𝜃 𝑐𝑜𝑠𝜃 Ԧ𝑗 = ሶ𝜃𝑢𝜃

𝑑𝑢𝜃

𝑑𝑡
= − ሶ𝜃 𝑐𝑜𝑠𝜃 Ԧ𝑖 − ሶ𝜃 𝑠𝑖𝑛𝜃 Ԧ𝑗 = − ሶ𝜃𝑢𝑟



• Velocity ​​vector

Ԧ𝑣 𝑡 =
𝑑 Ԧ𝑟 𝑡

𝑑𝑡
=

𝑑

𝑑𝑡
𝑟. 𝑢𝑟 =

𝑑𝑟

𝑑𝑡
𝑢𝑟 + 𝑟

𝑑𝑢𝑟

𝑑𝑡

𝒗 𝒕 =
𝒅𝒓

𝒅𝒕
𝒖𝒓 + 𝒓

𝒅𝜽

𝒅𝒕
𝒖𝜽 = ሶ𝒓 𝒖𝒓 + 𝒓 ሶ𝜽 𝒖𝜽

𝒗 𝒕 = 𝒗𝑟 𝑡 + 𝒗𝜽 𝑡
Speed has two components

𝑣𝑟 𝑡 =
𝒅𝒓

𝒅𝒕
= ሶ𝒓 → 𝑟𝑎𝑑𝑖𝑎𝑙 (𝑚/𝑠)

𝑣𝜽 𝑡 = 𝒓
𝒅𝜽

𝒅𝒕
=𝒓 ሶ𝜽 → 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑎𝑙 (𝑚/𝑠)



Ԧ𝑣 = 𝑣𝑟
2 + 𝑣𝜽

2 withe  Ԧ𝑣 ቊ𝑣𝑟 =
ሶ𝒓

𝑣𝜽 = 𝒓 ሶ𝜽

Magnitude



• Acceleration vector

• Ԧ𝑎 𝑡 =
𝑑𝑣 𝑡

𝑑𝑡
=

𝑑

𝑑𝑡
ሶ𝑟 𝑢𝑟 + 𝑟 ሶ𝜃 𝑢𝜃 =

𝑑2𝑟

𝑑𝑡2
𝑢𝑟 + ሶ𝑟

𝑑𝑢𝑟
𝑑𝑡

+
𝑑𝑟

𝑑𝑡
ሶ𝜃 𝑢𝜃 + 𝑟

𝑑2𝜃

𝑑𝑡2
𝑢𝜃 + 𝑟 ሶ𝜃

𝑑𝑢𝜃
𝑑𝑡

• Ԧ𝑎 𝑡 =
𝑑𝑣 𝑡

𝑑𝑡
=

𝑑2𝑟

𝑑𝑡2
− 𝑟(

𝑑𝜃

𝑑𝑡
)2 𝑢𝑟 + 2

𝑑 𝑟

𝑑𝑡
.
𝑑𝜃

𝑑𝑡
+ 𝑟

𝑑2𝜃

𝑑𝑡2
𝑢𝜃

= ሷ𝑟 − 𝑟 ሶ𝜃2 𝑢𝑟 + 2 ሶ𝑟 ሶ𝜃 + 𝑟 ሷ𝜃 𝑢𝜃



Ԧ𝑎 = 𝑎𝑟
2 + 𝑎𝜽

2 withe  Ԧ𝑎 ቊ 𝑎𝑟 = ሷ𝑟 − 𝑟 ሶ𝜃2

𝑎𝜽 = 2 ሶ𝑟 ሶ𝜃 + 𝑟 ሷ𝜃

Magnitude

Ԧ𝑎 𝑡 = Ԧ𝑎𝑟 𝑡 + Ԧ𝑎𝜃 𝑡

𝑎𝑟 𝑡 =
𝑑2𝑟

𝑑𝑡2
− 𝑟

𝑑𝜃

𝑑𝑡

2
= ሷ𝑟 − 𝑟 ሶ𝜃2 →

radial component (𝑚/𝑠2)

𝑎𝜃 𝑡 = 2
𝑑 𝑟

𝑑𝑡
.
𝑑𝜃

𝑑𝑡
+ 𝑟

𝑑2𝜃

𝑑𝑡2
= 2 ሶ𝑟 ሶ𝜃 + 𝑟 ሷ𝜃 →

𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 component  (𝑚/𝑠2)



Circular Motion

• In a circular motion, r is constant ( r= R)

• So the angular velocity vector has those components

• V = ቊ
𝑣𝑟 = ሶ𝑟 = 0

𝑣𝜃= 𝑅 ሶ𝜃 = 𝑅𝑤

• And the angular acceleration vector has those components

• a = 

൝
𝑎𝑁 = 𝑅 ሶ𝜃2 = −𝑅𝑤2 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑎𝑇= 𝑅 ሷ𝜃 𝑡𝑒𝑛𝑔𝑒𝑛𝑐𝑖𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛



Frenet frame (Intrinsic coordinates) 
In the case of planar motion, we can define at 
each point M on the trajectory the Frenet
frame. For this purpose, at every  point 𝑀, we 
define a vector uttangent to the trajectory and 
oriented in the direction of motion, and we 
define the un perpendicular to ut and oriented 
towards the concavity of the  trajectory. 

Ԧ𝑗

𝑋

𝑂

𝑀

𝑌

Ԧ𝑖

M'

𝒖𝒕

𝒖𝒕𝒖𝒏

𝒖𝒏





• The acceleration vector can be decomposed 
into a tangential component, called the tangential 
acceleration: 

• and a normal component called the normal acceleration:

• a = aTuT + aNuN



• a2= aT
2 + aN

2

• We can observe that the magnitude of the normal 
acceleration component is always positive, 
indicating that the normal acceleration is always 
directed towards the concavity of the trajectory.



• If | v|=cst so at tangentiel equal 0 →curvilignar
uniform motion : 

a = a𝑛 =
𝑣2

𝑅
un

• R radius of the curved path
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